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PREFACE . 

- Moai^of the 'mathematical techniques- that are in use today were developed" 
to meet practical needs. .The elemehtary arithmetic operations have obv;.ouB j 
uses in eve/yday life, but the mathematical concepts which are introduce jfi ip . 
the junior high school level and afcove are" not as obviously useful,. 

Tte School Mathematics Study Group has been exploring the po^sibimty 
^ • of introducing some of the basic concepts bf mathematics through the ufle of 
some simrp^e science experiments.. Several units v^re prepared during tie 
; summer of I963 and wei^e used on an experimental basis in a num'ier of cias^- 
\ rooms during the following year. On the basis of the results of thesej trials, 
these units were revised during the summer of 1964. 

This text is designed to be ^usable with any mathematics textbooklin common 
use. :^t is not meant to replace the textt>ook for the course, but to feupple-\ 
ment it. Previous^cqtiaj^itanc^jw^^ part of^he studint is* 

o ^unnecessary. The^^scientific' principles involved are fairly simple an5v>are' 

* e^qplained as much as is nedes«a^ in the text, . Each experim«tTt opens a door 
o into a new domain in matlTematics 1 ^linear functions, graphs, translation .of 
P axe^, the distributive property, and^he solution, equations. We hope 
that student learning and understandii^ will be imp'rovea through the use of 
this material^^ • ''1/ ^ V . ' " . v 

" / * i " ' / - ^ 
The experiment^ have all been don^ in actual classroom situ^ti^ns. , Every 

effort has been made to make the direcidtons -for the experiments as* clear and j; 
simple as possible. The^ apparatus has^^been kept to a mininjum. . • 

The writers sincerely hope that this .approach to mathematics will prove ' 
both useful and interesting. -to tiie student, ' - • 
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V ^ Chapter 1 



1.1 Introduction 



In this chapter we shall perform an experiment to learn how to solve . ^ 
problems "by exp^rlme^;tatlon* Everyone has played on a seesaw at one time OT- - 
another. You know that a small boy sitting at -one^ %nd of ^ seesav'can balance • 
a big boy.^rtio *slts closer to the fulcrum oif the^ot)iip^lde. The fulcrum Is 
the point' at' "vrtiich the seesaw Is supported. 

Can you tell exactly how mtch closer to She fulcnmi the big boy must sit 
to balance the mass of the small boy ^at the other end "of the seesaw? Do you' 
think* that .th£ masses of the 'boys and their distances from the fulcrum are 
^related somehow? To be able to answer thes^ questions properly we must know<^t^_ 
j|Lore about the seesaw. > ' - ; . , 



, In our first experiment, we will set up a miniature seesaw. In observing 
how the seesaw operates, we will discover a rule which will e^^aln the way it 
worics, and then' try to state ^hls rule in mathematical form. 

.( 

1.2 The Seesaw Experiment 

A simple^ model of a seesaw can be* constructed frcm^ meter stick, spring 
clamp/ triangular file and Dixie cups. Make a supporUby placing twq six- 
ouncef^ Dixie cups upside down on a blpck ^Ich is about 8 Inches long. "In 
order to be s\i?e that' the meter stick is supported ^at" its midpoint, clamp a 
spring paper clamp with the 50 cm mark as close to the center of the clamp as 
possiljle. Insert a 5-inch tilangular file in the,hole of the clip so that one 
.edge of the file is in the upright pdsitlon. (^e Figure 1.) 



Figure 1 




The cups serine -a support when the triaiagular file is -placed across 
them* (See pigure^20'. The , stick should settle in a horizontal position. If 
it does not, place small , pieces. o;f modeling c3,ay^on the end .of the lighter' 
sixle m€il It dc/es balance^ ^'Let us agree that the meter stick is balanced 
\dien it comes to rest in a horizontal posiljion. We need seme device to indi- 
cat^ Trtien'the^ sti^k U§s retumed^^eJih^^fi^^tal position after having been 
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Figure 2 - ' 

To detemine \riti<en the stick is horizontal* we shall use two # - inch 

dowels which are at least. 8 inches ^ong and tMo chunks 9f ijjodeling clay. ^ 
Stick each^ dowel into one of the chunks of clay so that the dowels stand in & 
Vertical position. (See "Figure 3.), Place one of the upright dowels behind 
the balanced meter stick near the right-hand ^d of the meter stick., ^lace 




4i 
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Figure. 3 * • - 

the other upright dowel in a similar position near the left-hand end of the 
.meter stick. Now place a small pencil -mark on each dowel 3 tick so ^^hat the 
pencil mark and the top edge 01^^ the meter stick are in a horizontal line of 



sj-ght. Measure the distance from the table top to^'the pencil mark (5n each 
dowel. When these^istances are equal, the meter stick is horizontal. Bend 
paper clips to serv^ as hangers for the weights. Open the paper blips so 
they vill slide easily on the meter stick. ^ For this part' of the experiment 
we sjiall need '10 grams (2 ^weights) , 20 ^rams, (2 weights), 50 grams, 100 grms, 
200 grams (2 weights),' " * 

Begin the experiment by hanging a mass of 20 gm on each side of the ful- 
crum 30 cm from t^he fulciomi. (See Figure k,) Does the stick "balance? Slide 
«ach 2d-gm mass to a position 10 cm from the fulcrum. .Does the stick balan^ce 
again? Now move each mass to ko cm from the fulcrum. \> you. notice that when 
ve^lace objects with equal masses on opttosite side^ of the f'alcrum at, equal^ 
distances from it, the stick always "balances? 



tttf|M 



50cm- 



i ti [lfUJ I li l [M I (im i [ fft 



. 30cm - 



^tttmtt 



I 20 gr 



|- mij i M i [i 



52_ 



209^1 



J ' ^, Figure k . . 

^Aa expferimeiiter may wonder, however, ^at might happen i^ the masses on - ■ 
either side of 'the fulcrum are not equal. To, answer 4;his question keep the 
■20-gBJVmass at 30 cm" f ran the fulcran on the fe€t side. Attach a 30-gm mass 
^on the 'right fide, 30 cm from the fulcrum. (See Figure 5.)^ There is no balance 
' now-/ since the right side of the stick tips down. Cau you e^lai^i why? 

* Nqw slic^^he 30-gm mafis closer tcu.the fulcrum until, the stick .is bal- 
anced. A% what "^SistaQce does the mass 'of 30 gm balanc^the mass of 20 gm 
placed 30 m' from the fulcrum? Do you find that the Waller mass placed 
farther away from 1;he fulcrum balances, the i§^er mass placed closes to, the 
. fulcrum? ^ * " . • 




, Figure 5 



Choose two* objects with different masses and place on^ mass on each side 
of the fulcrum. Now slide than back and forth until you get a balance. For 
instance*, use 20 gm on one side*and 50 gm on the other. Did you notice. th%tf 
no matter what pair of masses you use you dan always balance tlt4 stick by 
placing the masses at "the right distances from the fulcrum? 

These observations lead to the conclusion that hanging objects with 
equal m^ses on, each side of the stick at equal distances from the fulcrum 
•wdLll make the stick balance. Different distances ar6 needed to achieye a 
balance *when the masses are unequal . 

Our purpose is to find ja genei»l rule which descri'^es the relationship 
between the mass and the distance from the fulcrum so' we can tell in advance 
Vhere to place one object of known mass to balance another object of known 
mass., 

^ To establish this relationship, 'further experimentation is needed. 
Therefore, perfom several trials (experiments^ in a variety of situations, f'" 

To keep the experiment simple^ use the same object (200 gm) in all the. 
trials at a fixed' distance (6 cm) to "t^e right of the fulcrum. (See Rigure 6*) 
Then balance it in turn on the* left-hand side wil^ 120 gmj 6di^gm, 30 gm, 
^0 gm and 200 gm. Slide each object on the left back- and forth until the 
stick is balanc^. ^ f \ 

For convenience, let "m" represent jbh^ mass of ahy object thai is hung* 
.on the stick and "d" %he measure of the distance :from th^^fulci^. 

Perfonn the first trial. Remember we place 200 gm at 6 cm to the right 
ck the fulcrum. (See Fi'gure 6.) Harig the 120-gm, mass on\he left-hand side. 
Slide it back and forth until you find the distance fran* the fulcrum at which ' 
the stick balances. Then read ;fchis distance to \he nearest cm and record it 
in the first row of your table. ''(See Tabie 1.*^) - /. ^ ^ - 

; 'vV' ^ I ' "l- ' . ^ • 
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Figure 6 



Balanced Meter Stick 





, Left si(Je - ' *' " 


Right side 


trials 


Mass ia 
m 


Distance from 
fulcrum- in cm 


Mass *in 
grams 


Distance from ' 
fulcrum in cm 

d . 


I 


' .120 ' . 




.200 




II 


\60 




200 


6 - ■ 


in- 


30 




200 




. IV 


• ^ 




200 


6 




'•• 80 




200 


6 



Tal)\. 



e 1 



In the second trial, keep the 200-gm mass at 6 cm from the fulcrum as 
. was done in th? first trial, and hang the 60-gm mass on the left .side. ^6o 
grams Is half the mass of 120 gm. How far away 'from the. fulcrum imist the 
60-gm«ma6s he to gdt a balance? Check your guess hy reading off the distance, 
ihter this distance in the second rov. 

Repeat the same procedure with 30 gm, 1|0 gm and finally with 80 gm. Be 

sure the stick li exactly in a horizontal position hefore you read the dis- 

tai^ae on the left-hand side,; As you perfoim the last ^three trials, do not 

forget to read the corresponding distances and record them in yoUr tahl^.. 

. * " \ ' i • 

' Study the numbers recorded in the left sicle of your tahle. Is th^re any 

* ' ^, • '* » 

Connection between the mass of th'e objects -and. their corresponding distances 
'» * 
from the fulcrum? Compare the mass an4 distance in the first row with the ^ 

mass and distance in, the second row. Notice that the value pf m decreased to 

one hSlf Its origlilal mass, nimeiy from 120 fern to 60 gm, and at the same t'irn^. 

. the value of the corresponding distances doubled frcm 10 cm to 20 cm. Canpar*e 
the' numbers in the second .and thlid trials. The distance d-^changes as the 

^ mass yas decreased froaa 60 gm tJb 30 gm. What is the ratio between the'masses; 

'what is the ratio between the matching distances? . . r 

/ , • . ^ » ' • ' ' 

The table shows, five different pairs of masses and^istajacea.whlGh-make 
^the ftick balance. For instance, in the first trial the mass of 120 gm at 
10 cm has tfie^ dame jffect^as^the. joass \of 2^5^ at 6 cm. How are the numbers 
"in these pairs related? You might guess that tfie product of 120 X 10 equals - 
the product of 200 X 6, or, *120 X liO"= 200 X 6. • . * - ' 

In the' second trial the mass of^ gm- at 20 cm has the same effect a^ 
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the mass" of 200 gm at 6 cm. The product 60gniX20cm = 200fflnx6cm again. 

Do you find that the pipduct of the ma^s and its distance on one side* 
must be equal to the^^product of mass and distance on the other ^enever the ' 



stick balances? , 



^ 4 





'? 


4 




Left 'side 


I Right side • 


Trial' 


'Mass • ^Distance 


Mass . Distance, 


HI 


c 

30 X ^ = 1200 


' 200 X 6 = 1200 


IV ^ 


iK) X 30 = 1200 


, . , 200 X 6 = 1200 


V 


8o X 15 = 1200 


dfiO X,6 = 1200 



After proceeding down the table and checking all ^tries, ve conclude 
the following: "Whenever the stiak balances, the product of 'mass.antf dis^ 
tance on one side equals th« product of mass aiKi distance on the other side." 

In this experiment. Whenever the stick balanced, the - product .of the 
masses and corresponding distances was always 1200;- The table verifies this 
result. Ihis resul^^cao be put in ^thematical 'fom by the sentence 
mx d = 1200, wiere'^'m" represents the mass of' the .object on th.e left- hand 
end of the^meter stick,, and "d'* represents -i^distance from the^fulcnm. 

In -ttie experiment, the product of the measures ofl.ihe mass and its .dis- 
tance .was 1200 in all cases because* we were always balaacing objects on the 
left side with, the m^s of 200 ^ at 6 cm'^to^Afae rig^t of the fulcrum. Ihis 
meant that when an object was .lospended on th'e left side, it was necegsJiry to 
slid^ this object along the%eter, stick until the mass of the objecCtimes* 
its distahae from the iMjopm became e<iual to 1200. 



Our e:ft>erimep^represents only one example of how to balance a se^aw. 
two objeo^s^can be balanced en a seesaw, provided that the product of the 
mass and the dist§aace on one side is equal to the product of ,the mass and the 
distance on the*other side.. To verifjf 1;his statement, consider the following 

problems:, ^ ' \ 

" * ' ' • , .^^ 

,\ '(l) , At 10 cm from -the fulcnmi, how large a mass will balance a mass 

> " of 30 gm which is 20 cm^ftxai the fulcrumT'-- 

following .Oj^ rule: 30. x 20 = ? x la. . Ihis is satisfied by a 
mass of 6o gm. Check it on your mefer stick instrument* 



. (2) Where should ve place 300 gra to "balance 90 gn placed 20 cm from. 

the fulcrum?- Fird the di'stan'ce "by suapeiiding 300 gm from the ^ 
'i stick on one side oj^ 90 gra at 20 aa on the other until you get 

a balance. i Bie distance is obviously 6 cm, since 9a X 20 =' 300 X 6. 

In sumniary, ve, conclude frah our experiments' that if the product of the 
mass and distance on one side of the fulcnsa is equal to t^e product of the 
mas6 and distance odp the other side, then .the seesav balances. , 



Exercise 1 

1. Belo^ is ^ table of values ^rcm an experiment vi-^Wa seesaw. Masses vere 

himg on the right-hand side 
to balance the 6 pounds at 
8 'cm to the left of the ful- 
cnm. Find vhere ve should 
place the masses shovn*in tlxe 
table to balance -6 pounds 
placed At 8 cm froa the 
fulcrum 



Left side 




1 ' n 

Right side 


n 


d 




Mass of 
objects 
in pounds 
0 m 


Distance 
•from the 
fulcru^a 
, • in cm 
• d • 


6 


. 8 • 




12 - 




6 


8 




2 




6 


8- 




8 




6 


^ 








6 


s 




' 16 ' 




6 


8 




6 





f 



2. Find^ the^ values for the masses 'and distances iaa the given 'table if you 
vant to balance 20 ^ at li* era frca the fulcrum on the other side. 



m ©a 
d cm ^ 



20 



10 



50 



15 



30 



3. Hbv far frca-pthe fulcrum six^uld a 20- gm mass be p3Lace4 on the left 
side to balance a lK)-©a*mdfes placed 20* cm froa the fulcrum on the 
right side? ^ ^ ~ ' ^ • 

k. A boy, vhos^e nass is 70 lbs, rode a seesav vjth his father, vhose maas 
is 175 ll?s. If. the father sa,t h-ft frca the foStami, vb'ere oust the 
'boy'sit to^balan^e the seesav? 



Find the missing values^ in Problems 5, 6 and 7. 



6. 



19 lbs ' 



30 gm 



5.7 lbs 



-10 



60 ga 



.12.5 cm-:- 



^160 gn 



250 gQ 



/ 



Is there a place on the seesaw vhere a sihgle nass can be ,pl^ed and a 
balance obt^ned? If so, -what, is zhe distance of the nass frcA the 
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Hiziber Sentences 



• In^th^ previous secticai ve found hcv one can balance ^a seesav supported 
at its center.. Different nasses vere balanced vith a fixed nass of 200 gn at 
6 ca frcn the ftLl^cnzn. Sie results vere recorded 1^ tabiilar forsx^^a^^'. . 
ftxn this table/ a rule 'vas developed and expressed in the bathenaiical ftm 

n X d = 1200 . - ' ^^ • 

TJhere "n" represents the nass of any object that is placed on the stick and, 
"d" represents its distance frm the fulcrtstn* 

Bie-lnatl^eEiatical language ••rtiich uses the nunber sentence to sifcate re- 
■"lationships is the language used by the scientist, engineer, nathesnatician 
and others to caamnA cat <a ideas to one another- Ihe nunber sentence 



n X d = 12pO 

Is "an illiistration of this fom. Ihi^ fom allows great quantities of in- 
foraation to be stated in a sinple manner* For example, k x d = 1200 is a 
-lieprcaentatlqn: of, aljL ^the data found " in ^g pfefvious expgfjWnt and in 
&cerclse 1* Purthensore,^ it was not necessa^-to set. up an expferinent for 
eadi problein in Sxerclse 1 ccfter the relationship was deteimined . "Kote, too. 



that in writing this sentence gniy, 'five syijibols are used,, V, "x", 'tdj'j '^s*' ^ 
and "1200"- ' , * « \ ' ^" 

Just as sentences are used in talking and writing to discuss our every- 
,dQy experienced, sQ^sentences are used in science and mathematics to, describe 
anSi explain. For instance, you are familiar with the following sentence: 
The diameter (D) of a circle Equals twice the rfidius (r)* "Jhis can be stated 
in mathanatical form as "D = 2r". This is just, as good as "Johnny is sleepy 
today", Die former sentence states the fact thafin^any ciFcle, the diameter 
is twice the radius . Ihe lat"Ser sentence states the ,fact that Johimy is 
sleepy today. . ^ ' - 

Tnere are many other stotences that make statements kbout numbers and 
quantities. However, not all sentences make statements about quantities that 

^e equal. For example, "Five is greater thaa three". As- a' number sent^ce 
tbis is, written 5 > 3» The symbol > is read "is greater than". < Likewise, the 
symboX < «s read "is less than" and is used in number sentences such as 

-!5Siree is les^ thanXive", written 3 < 5* Another symbol sonetimes us^ is^ 
read "not e^ual to", ani written 3^. The set of symbols, =, 3^, >, < are the 
v,erb phrases^ carmorCLy used in writing mathenj^tical sentences. These verb 

^phrSses state Che relationship involved between the word phrases-. You are 
familiar with sentences ffuch "The^sum' of a number, x, and eight Is twelve". 
IMs verbal sentence can be stated in mathematical fo*m bj- saying x 8 = 12. 
Similarly, 

' Hine is greaiitej" than tJfee sum of three and four: 9 > 3 ^ 

Ihe product of three and five is fifteen: ^ 3 * 5 '= 15 " 

. ^ Twenty-one is less than the sum of eight axid fifteen: ' 21 < 8 15 ' 
' The product of a certain number y and three 'is not ' ' ^ 

equal to six: * ' y X 3 3^ 6 ^ 

dese sentaic'es are examples of number sentences . 

For example, the first sentence, x 8 = 12, consists of twp expressions 
"x 8" and "12". These expressions are not sentences, .they are ohly^parts, 
Df a sentence and are called phras"es . Then the difference between a s entice 
an^ a phrase is that a phrase does not make a^ statement but a sentence does . 



»l»if Ifumber Phrases t 

Let u's return to the first two examples of phrases, x + 8 and 12. Nbtic 
that 12' represents only, one specific number where^ x + 6 can represent ^py 
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number, depending on the 'value of x. For instance, ' 

J if X is 3, then x + 8 represents H " ( 

if X is 8, then x + 8 represents l6. 

A number-^ase is a name for a number. ^If th4' phrase represents a 
specific number.; it is called a closed number £hrase/^r more simply, a closed 
Jghrase. For example, 19, (3 + 2), ^, 2(3' ^ O.5), X 7 - 1), etc. are 
closed phrases. - ' . ^ 




Number phrases vhich do npt represent a specific number are called open 
m^er phrases, or more simply, oi>en phrases . The value of the ^hr.ase de- 
pends on vhat number the symbol in the open phrase represents. For example, 
3x + 2 represents 5 if x is 1, but it represents 1^+ if x is k and 32 if x is 



Exercise 2 

Translate^ each of the following number phrases into mathematical symbols: 
(a) Hie sum of the ^ber x and I5. ' ^ 

" (b) The product of 8 and x. . ' 

(c) One fourti?.of the number x. ' , 
• (d; A number vhich is h less than x. . ^ 

(e) The division of I8 by «. 

(f) ; Three greater than x. . * ' v ^ , 

(g) One less than two thirds of x. * ^ ' 

(h) - Th^ number x less' than 23. 

2. For^each of the number phrases in Problem 1 find the nifaber replt-esented 
^<^»by the phrase ^f x = 12. * e» 

f • A. 

1.5 Parentheses /, ' ' c . 

Assume you are faced with a probldn such as" the following: ' 
"Find the number represented by the open phrase 6 + 8n> if n is'^.." ' 
Then, replacing.if for 71 we 'g^t 6 +'8 ^ if. ' This is a numerical phrase. What 
number does it represent? If you look at it one way, you mlgftt say, ' 

. . 6 + 8 is 14 and ik x k is' 36. 

Therefoi'e, the numerical phrase 6 + 8x4 could represent 5^6. However, if we 
look at the phrase another way, heading it frcm right/to left,' 

8 X 4 = 32 and 6"+ 32 = 38.^ j^>. 
Therefor^, there seem to be two possible answers. In order to ellminat/^the 



possibility of calculatl^ng t^e valae of an open phrase in various ways,, the? 

following' mathematical rule is defined: - 

"In any given Expression where ther« is a multiple operation, 
we agree to multiply and divide, before we add or subtract." 

ApplyiTig this rule to the* above example, we find the value of 6 + 8 X If, 
by .first multiplying 8 by k which is 32^and then adding 6. Therefore, the 
correct answer is 38.' 

Illustrative examples: »^ • • ■ 

1. " Hov would you find the value of 8 - 12 t 2? Here the division is done 

before the subtraction, so 12 t 2 = 6 'ai^ 8 - 6 is 2. 

2. Find the value' o? the closed phrase ifX5-6-7-2+l. Ranember in this 
case the multiplication and division are done^^rst. Therefoi^, ' 

^lfX3=rl2and6-r2 = 3. SoifX3-6-r2 + lcanbe simplified to 
12-3+1 which is 10. . ' . . 

3- Consider a problem, from arithmetic. Subtract 2 'from 15 and add 3 to the 
difference. Translated into mathematical fonn, i5,- 2* + 3- This 
problem involves only subtraction and^ addition (no multiplication or, 
division in it). Im^simpiifying, you can take you;r choice. \You can / 

read from left to right, 15 - 2 is 13 and 13 3 i's I6, or youfcan 

i - « _ ' 

start to read from^right Jto. left, -2 + 3 is +1 and I5 + 1 isn6^. |ath^ 
ways give the same number, 16. ♦ . . 

In working with the phrase 15 - 2 + 3 > we must be careful to sISBtract 
only the 2 from 15^ ajad not the sum of 2 and 3- To avoid similar confusio?i, 
we use symbols "( )", called parentheses. This meand that when we enclose 
a numerical phrase such^as 5 in parentheses ) we intend that the phrase'^ ' - 
"(5 treated as *a single number. For example, to subtract the sum 

of h and 3 frcm I8, you write 18'- + 3). That is, [h + 3) Is treated as 
a single number, 1 , and subtracting the J from Jl8^ we get .11". 

Using parentheses, there should be np- 4if.fi cult y translating the follow- 
ing problem: "Multiply the sum of 2 and 6 by 4" into the symbolic form 
(2. + 6) X 4. Treating (2 X 6) as a single number, you get 8, and-8 X if Is 32. 

On the other hand, workii;ig with a phrase like 2 +6x4,. parenthjeses ^re 
not needed since we agree ^t hat mult:^plication comes first before addition.^ 
Therefore, the product of '6 and h is, 2^^, and 2^-^ 2k ^ 2&. Notice that the two 
phrases, (2 + 6) X 4 and 2 + 6 X if; represent two different numbers . The first 
is_32, and the second is 26. -One final note: a numerical 'phrase liKe • ' 
(2 + 6) X if Is often written without the symbdl "x", as in (2'+ 6)if. Here" 



ir • 



\ 



the operation of multit)lication is*- implied. 

^ ^ These expreseions are but tva methbds tised for indicating the operation 

i » of ^multiplication. We have 'already see2> this done in such expressions as 2r, 

/which Is.re&d, 'Hwo times the numter represented by* r". Similar]^, \>lien we 
r*^* write '(2.+ 6)^,. it Is understood that k is multiplied by {p -^-6) . 

^ The most commoii. 'forms T02;. indicating Ttiuitipli cation are as. follows ; 

■ . - \ ' (a).v 2>:k r . . ' ^ 

' i; (b> 2r - . ' . - 

V. ' Cd) o ' ' ' I 



2 vr 
(2)(r) 



Form (b) is no"t[ acceptable when r is a numeraL. For exlpple, 28 means twenty- 
eighty not 2 times 8. n^ie dot of foirn^Cd) Vould us^ in this case as 2*8. 
In Section 1.3 tfie^ number sentence m X d = 1200 could have beeh writte^l 
^md = 1200 iif fonn (i^);is used^ • . • 

There are. fewer expressions used for division, only 3 forms beixig co) 
used*/ Everyone is familiar with the foii r f 2, which is read, "thi numbed 

' ^represented by l^.dlyided by 2". The other two foms use short line s'^gments 

One is f and, the -other V/2. • ' * 




.JEbcercise 3 



1. 



Which of the foil 



ng closed phrases name the same number? 

(a) ' 2+4x5 adt^22 

(b) <2 + 4)5 an4;30 

(c) 2 + (i^ X 5) a^ 30 

(d) 4" + 3 X '2 and 0<( + 3^2 . ^ , 

(e) 5^x 8 + 3 and (5X;^8j^ 3^.1^ ^ 

(f) 32 -r 8 - ii ahd ^ X + 5 * • \ ^ 

2.. Place^paren-^iieses in the following so that 

(a) 2 X*3 + 1 represents 8 
-..-CbX._2- + 4 *X 3 represents Ik 

(c) 6 x'3 - 1 represents 17 

(d) 12-1 X,2 represents 22 ' ' v 

(e) 18 - 6 -f 3 represents I6 \ v . * 



erJc 



20 12 

J5 



3. Find. a number for each numericaf phrase : ■ ' . ^ ■ 

• ' i 

(a) 5 X 8 + 7 ^ if) (17 - 6)k , 

(b) 5(8*7) ' 

(c) (9 + 1)(3 + 1^)- ' . . ^ 

(d) 6.2.i;. . (h) 9C1 - 3) -, (8 . 
Me) lk:3'x2 ' (i)^(l--3r--8.2 • ^ ^ 

^. Using pareutheses, rewrite the following closed phrases so they repre- 
sent tl^e same number. For instance, 2X5+6X2 can be written 
> (2 +(6X2) and both represent 22^ * ' ^ 

(a) 3 + 8 - 4 \ ^ , ^ \; 

(c) 3'x 5 - 4*x 2 ' 
. (d) 3^-9 + 5 - 2- ' . ' ' - 



1.6 Distributive Property of Numbers * 

^ - Another property of nimibers can be described by using parentheses. How 
woulql yott solve the^ following problem in the simplest possible way? ^ 

• * , •» 

' A 5ieat market sells steak for 4l'20 a pound. A woman 
bought two steaks; one weighed 3 lbs, and the other, 2^ 
> lbs. The total cost of the two steaks can be computed . 
in two ways ; ^ ' ' 

('l) 3 X ^1>20 =43«60, the cost of the larger steak' 
' 2 X 4l.20 = ^2 AO , the cost of the smaller steak 
^6.00, .total cost 
6r, (2) Take the total weight, which is (3- + ^) pounds^ and 
\, multiply i^ by 4l -20 . . ^ , ' 

■ '(3 + 2)(^1.20) = 5 >^$1.20 = 46-00 

' • »^ *^ » 

Do you agree that in ccxiiputing the cost, the second method 'is simpler? 

Consider another problem: 

' ■ Two .strips a cairet, one moflsuring 3 ft X 8 ft, the 

bther 3 -ft ^x* 12 ft, are sewed together to make one runner, 
: ' or a sjb'tagle pi^ce. How many" square feet are there in the 

runner? " - ' ' . . 
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36 sij fV"^ • 
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60 s^ft ■ 
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Hi (8 + 12)'?^ 


— r^^ 



From the Illustration, it can be seen that the sum ' • I 

of the. two pieces *is equal to the i;inal pieces, 

3 X 8 + 3 X 12 = 3 x,(8 + 12) ' 
that is, the area of the first piece plus the area of ' ^ 

the second piece is equal to "the area«of the runner. 

These problans illustrate the distributive property^ of multiplicationo '' 
o^er addition. This property , can be further illustrated by the'following"' ' / 
prodhct: ' ' " -ait • 



0^( 



7 X 13 
7(10 + 3). 

t 

'= 7 X 10 + f X 3 

= 7 + 21 
= 91 



This may-be written as 

Notice that 10 + 3 in the* parentheses 

requires multipU cation of the sxim. 
This product, i's 

TJais indicates that the multiplication 
has been distributed over each tern in 
the' addition. 



The name "distributive property of Multiplication over a'cLditidn" is 
usually shortened to "distributive property". We can state lit in a genera}, 
form as follows : I "For every *iiimiber ^ and eVfery number * and every number 

a(b +^c)^= a X b + a X c". ' 

Study the following examples, carefully. In one of them, .the distribu- 
tive property applies; in the .other, it does not_. . 

-8(3 + 2) = ^8 X 3) + ('8 X 2)- 



^ + '(3 X 2) /a 8"+ 3)^x (8 + 2) 



Here the distri butive .fjro nertv 
does apply. i^:ti plication is 
distributed over addition. 

'^Hefe the" di&tributiv;e* property ^ 
does not apply. Addition is not 
distributed over mult^. plication.- 



The distributive prope^rty of multiplication over addition is frequently used'* 



in mathematics * 



22 



^ In the following examples > to further your understanding of - distributive 



indicate^ 8um.>.*^ 



^property) compare the vaiue of the indicated product with the value ^of the 



Indicated Product * Indicated^ Sum 

8(1^ + 3) = 8(lf)+8(3) 

3(100 + 20) = * 3(100) + 3(20) 

5(26) - . = 5(20) + 5(6) 



/ * -6 X 5^ , = ' 6(5) + 6(i) . ' ' 

This I illustrates the changing of an incW.catied product to an indicated sum. 
* Here is ariother example j> -> , • 

Mio + a) =*Miq) + k{2). ^ 

It is alsp correct %ta* change an Indicated sum to an indicated produo^ hy use 
of the distributive propea^ty. ^For example, 



MlO)y+ k{2) ^ Mio t>)^-" 



ilgain, compare the value g£ the' indicated Sum^with that, of the^lndicajed pro- 
duct In the following* exO^lpB : - . • \ ^ 

.lEndica^jed Sum , Indicated Prodiict . ^ 

— ^ 'l5(8y + 15(2)- - l5(8-+2>^ ' ^ 

^. ' ' . 21(7) + 21(3) ^ = ^ . 21(7 + 3)'' 

^ ^ • \ ^ . ■ ' ^ 

V * ^ 

* ' . , Exertiise k y-' 

\ . > , 

^ ^ 1/ , '^Which of the following problems are Indicated sums and which are indi- 

• cated products?* - ' . . . ' - 

• (a)-3(-8+T), ''- . U) M3+'6) ' ' ' 

■•'(b) .3(8) +-3(^) .. (e) 7 + (3 x6) ^ , . ^ 

' • '"(c) -2(6) + 2(3) \ - (f) (7:-f 3)6 . . 

; " 2. ibcpress the following indicated products as indicated sums and ^indicated 
. -sums as indicated products: %r - ' , ^ 

/ (a)''Mli7N-"3)' ■ , / 

'-.--^ _(.) 9(3^^6) . ' ' • ,. ^ • '/ 

vF- * -•••.(d)- 18(3.2) +^18(.8) 



Perform the vindicated operations the easier way. ShoV your method 



Illustrative Example: 



110('8) + 110(92) = 110(8 + 92) or 110(8) + 110(92) = 880 + 10120 



> 110(100) 
^11000 



-= 11000 



(^ 12(i + J) ' ' / ' ' • . 

^(b)A|{J)^i(§) * 

(c) 9til_+ 9) ■ ' ' 

(d) 0(17"+ 83) ' ■ ' " . ^ 

(e) |(0 ^ 9) 

Show how you could Use the dlstrltutive property ^to perform the multl-^, 
plication mentally. *• . • , ^ / ■ 

Examp]^: " " 

6 X 2i = 6(20 + 1+) , ' 

*= '6(20) +■ 6(1+) ■ , 
= 120 + 21+ 

• " ' = 11+1+ ' ' • . . 

■ ' ■ • ■ ' 

(a) 7(22) •' ^ • - 

(b) 12(33)-.' ■ ' ' ■ ' 
(cj 15(36)- 



1,7 Translation of Open Phrases to Vord Phrases - - 

. Numhers are often usejd in talMng ahout things •* For instance, the num- 
ber three can refer to 3 "books, ^ incjheis, 3 apples, etc Hhis does not mean 
th^t "3 "books" is a numher. In the same way,^'any number, n, can'be used to 
talk about thlng^ like n books, n inches, etc. Bemaaber vhen we say ^''n books'^, 

mean Jhal^n is the. number of books * Similarly, the translation of an opMx 
phrase like 2x + 3 'to aJ-word phrase depends on t*hat meaning we give to x. Bie 
number 3 must be given the same meaning 'a$ that given to x. For instance, the 
phrase 2x + 3 can b^ trans lated\ in the following ways: 



t 
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X 


2x 


2x + 3 ' 




ftUBiber of points 


nipi'ber of poiVits 


numher of nointa v. 




^^iary made in a game 


Sue made ^f she 


Sue made? if she 




• • 


made twice as many ^ 
as Mary 


made 3 more than 
twice as many as 
Mary 


0 

1 


numl)er of "books 


numhei* nf hooka 


nuBiher. of hooks 




Jim has 


Peter has if he 


Peter has if he 






has twice as many 


has 3 more thoj^ 






« 

as Jim does 


twice as many as 


\ 






Jim does 





1 ^ 

As another^^exampley the phrase ^a - U can he translated as follows: 







^ h . . 






(c)' length' of a^ 


the length of "a 


the length of a • 




rectangle 


rectangle if its 


ney rectangle if its 






^ length is 'half that 


length is h units 




*. 


ot the original 


less than half that 






rectangle 


of 'the .ori^nal 






\> 


jl'ctangle 




(d)\ distance f^m 
city A to 
city B 


distance from city 
A^to T3ity C if ' 
its ^stance is 
half that of the 
distance ^cm 
city A to city B 


distance from city A 
to city D if its 
distance is h miles 
less th^n half the, 
distance prom city A 
''lo, oity B 



lEhese'are the two translations ^of each of two phrases. Many vasqfb trans- 
lations are possible for' each phrase. 



^ , ^ ' Ecercise ^ 

1. ^C^'you think of a different way to translate the^phrase 2x + 3 into a 

.word phras^? , , . ^ ^' 

2'.. How "translations of 3x - can 'he made? ^Gl^ye examples. , . . 



\\*S* ^In the^follo^ng ^rplal^s, ^ translatiott of the phrase to a 

•verbal phM5 

' . (h)^ n-6. vo n + 1 •n^fcCi^^^:'^;*^^ 

(c) . 2n 

(d) 2n + 1 




1.8 . Translation df. Word Phraaes Ao Opin/ Phrases 



OpL Pl|r( 



In the last sectijon^o^en phrases fjere\i;ran8lated into vord phrases. We 
noti9.^*t\ikt there, was np% a single tr'anslatipn hut many possible .translations . 
For ^instance, the translation ^of the ^raee 2n + 3 depended on thi meaning as- 



sigiled^]^ the symbol n. 



^ ^ It is also possible to go the other way, "and ,tfanslate word phrases into 
open phras es . ' ' . ^ 

Suppose you want to talk about your age 5 years from now. toiis is easy 
since you know your age. You might -reason as follows: ' ^ ^ ' . 

^ yhe number of years in my age, now is 13; then 5 years 

fr,om now my age will be jig years. So, I can say 
that in 5 years. my age will be l8 years. 

Let us say jrou want to talk about Bill's age 5 years from now. Suppose * . 
^ou do not know his age for sure. Then you would say^TAiat the number of years 
In Bill's i^e now is x; consequently, the number of •years fn Bill'^ age 5 
years from now i^^ ^ 3 years. Notice the phrase "x + 5{J represents the number 
of years, in Bill's age 5 years from now. In this problem a word phrase has 
vbeen translated (the number of years in Bill's age 5 years Jfrom now) into the 
^jmbolic phrase (x + 5)» - 

How would. you translate an expression such as "four more than a number 
y" into a symbolic phrase? In thinking about this expression, you could say 
that we begin with a number y and add ^ to -it. Biis suggests that we' write - 



Cpnfiider the yf ollowing word phrase; "A linfe segment -3 feet longer than^ 
another line segment'**. Our purpose is *to write this word phrase a^ an open 
phVase. Ttie number of feet in the first line sepnent is unknown. .Bet "f" re- 
pif'esen* the number of feet in ""the first segment. Then "f + 3" represents the 
numbeiT^ of , feet in the second segment. *" * 



Exercise 6 >"> 
Translate the following wor^ phrases to symbols: ' 

(9) "If the number of years in Billys age i"^ now K, what is the number 
of years in Billys age 7 yearns .^rcm'^ how? 

(b) The number of cents in x quarters^ 

(c) The number of cents in x dollars 

(d) The^ number of years in Sam's age 3 years ago 

(e) The -number of years in' John's age h years from now * 

(f) The pjimiber of feet in y yards . ^ ^ . 

(g) The number of inches in b yards 

Translate each of the following word phrases to symbolic phrases: 

(a) The sum of a number x and 2 

(b) ► The number x decreased by 8 

(c) The number x subtracted from 15 

(d) The product of 7 and x , * i; 

(e) The quotient of a number 3 divided by x 
{f) The number x increased by 6 

(g) The number x divided by 2 ^v*-^rrc^ 

(h) One third of a numbei:^^;- 

For each of the number phrases in Problftem 1, find the number represented 
by the phrase if the unknown, number i§i2^. 

Write open phrases ^-to represent each of the following: ' % 

(a) The sum^jf an even nurabier and the next even number 

(b) One half of the sum of a number and 6 

(c) Seven less than 3 times a number 

(d) Twice a number increased by 3 ' ' -o 

(e) Twice the sum of 7 and 2 ' " ' ' 

(f) Find the total age of Mary and Sue if Mary is 5 times as old as 
Sue is. . • ^ 
{Hint: Let oc represent the number of years in Sue's age.} 

(g) The number of cents Mike has, if he has x nickels and twice as 
.many, dimes as nickels 

If the^sum of the numbers t and 3 is doubled, which of th_e following 
phrases would be a jsorrect name for .-the sum? ' ^ , 

2t > 3 or 2(t + 3l) 



€• If 5 is addled to twice a certain number n and the sum ia divided by 3, 
which phrase is the correct name for the quotient? 

^ or . 

7« ' If one fourth of a certain number x Is added xo one xhird of four times 
the sams number, which phrase 'is the correct name? 

■=<i;x)'+ J{x) or |<x)+^x) 

8. If the number of gallons of milk purchased is TOich is the correc* 

* '0 

- xxirase for the number o5 quart bottles that vi y contain it? 

\-^y or ,-i ~ _ 

9« If a is the n^jnber of feet in the length qf a c^rtaic rectangle and b- 
is the number ^f feet in the vidth of the sar:e rectangle, which phrase 
is tne correct name for the perimeter?*. 

\ 2(a • bT ■ or sb 

Fill in the blanks- in the follcvlM orcblems: ^ 

10. If k represents a number of kilcmete^ers , then the phrase 
represents the number of meters in i kilometers. 

11. A mathematical -Dhrase indicating the nmber centimeters in s meters 

■ ^ . ■ • • • ■• 

12m Given a symbol d representing the nismber of liters in a container, the 
phrase represents the number of millimeters in that con- 

tainer. 

13 • The number of grams in p milligrms is . 

1^. Thfe number of grams in t '^lograms is . 



15 • "nierefore, the sum of t kilograms and w gr-ams vouli be 

grams . 

l6. Ihe number of centimeters in k i^eters and n centimeters would be 



17. * Aiding t centigrams to s grams would result in a sum of 

grams . . ' . 

18. In a mixtiure made up of oxygen aisd nitrogen, there are ^ times as many 
oxygen molecules as nitrogen molecules . /rfrite a mathematical phrase 
for the^ number of oxygen molecules if there are h- molecules of nitro* 
gen. 

20 
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1*9 Hunerical Sentences , , , 

In sathenatics ve 'ose sentences tc nake statenents acc'LLt nuabers. For 
instaxsee, consider the folloving examples: 

3 X - = 30 - 2 

' • ' . S(15) i 31 

5 >3 

All of these sentences in%-clve only njrcers. Sentences vhla^ rake statements ^ 
about mabers are called^ nunerlcel sentences « 

^ For exa=n)le, tije first sentence "3 x - = 30 - 2"" states that the n-jnbef 
represented by c x is the s£r:e 2= the nunber re'Dresented hv "30 ~ 2"*. It"^ 
is reed "8 x I is eq-^al tc 3C • 2", and it is a tr^e sentg:ce . ~1 ' 

.On the other hand, "^3 * - = l^-'' is alsc s sentence. Tri g s€nt^nce'"^25res 

the stateaeit that the nunber (3 - 6) is 1^. It is apparent" thetz^zi* £ 
end certainly is net 1-. Hr.ever, "3*6 = l-"* is still a perfectly gocjd.-sea- 

tezio^j tut it is e^false ^sentence. ' ^ * — 



Indicate vhether>«ach of the fcllcvln^ sentences is tme or false: 
i- (a) .5(15) = 3(10) - 3(5) . ' 

ic) Mfe- 3) = -(2) - 5 ^ 

• •(d') 13.- X 5) = (15 - V./ 

(e) ^x6-3 = 5x-.8 

(f) 5--x5-9 = 2x6-~ 
Cs) .ic - 3 -6x8 = 15 XT. 25 

^ - (h) 31 X 25 - X - = [s-^ X 8) - -;i6) 



l.IO Qpgi Sent gices ' . 

— ."^ * 

Consider the follcvlng; * * 

(a) is a student in cur class. 

' 

'.(b) is a s,eascn of the year. ' , 

(c) The colcr cf her hair is . 

(d) Ine su=: of and 7 is l5. • : • 

? ^ 

Ihese inccnplete sentences ere examples cf open sentences. Thiey are 
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^ neither true nor fal^e 'ontil the sentefice is .cccipleted. The set of eleaents 

• . . - - * ' ' ' 

tnat may be used^^^ccnplete .the sentence is called the dene in of the open. 

seatenoe. For exaaple, suppose that* the detain of (a) is the set of naoss— " 

of stiidents of oiir clayss. Tnen, vhen the cieiik in (a) is replaced by any 

2€nber of the dcnain, ve get a tr^e 'sentence . Suppose, hcve-zsr, thqt tne 

•'doe£gIn"in '(c) is the set (spring, s;jz= :er, S.estecber, ---inter}. If* the blank 

\ • in (b) Is replaced by "Sept^ber", ve get a false sentence. 

Ihe set of elements in the dcaain cf the o pe n t en c e vnj. ch ^ ^f^er xe* 
placement, prod^^ c e s cr M^jsentenqes is called the truth set cf t:-T»^T?i?^ Sen- 
tence, liotice t.tat the truth eet depends cn tr.e Iccain. ?cr exan'ole, if the 
domain for- 'd^ is tr.e set cf numbers * less than-lC, tr.en tr.e tr^tr. set of (d) 
is jsmpty, Hcvever, if the dtmam fcr d, is, the set cf numbers ^i* eater than 
IG, tne tr-tr, set z"^ ,d' contains cnlv tne number 11. 

Ihcse open sentences s-ch as d, vT.icn contain numbers cr clantities 
vill be cf special interest. It is convenient to use e sv-mbcl, such as x or 
' y cr m, instead cf tne blan^. so that ve may ;.:nte d)^ as fcllcvs: ^€he siin 
cf X and " is.lc." This is asain an open sentenc^^ '1^ Is- ^eit^er ^tTJie^^oel*^ > 
false until x is replaced by a mstber cf the dcmain cf tne cpen ^enten^e. A - 
s>ttbcl, such as x or y cr z5*cr a blan?,, -mich can be ret)laced bv any member 
of a gives set is called a •^'ariable . Ihe siven se^ is called the dcmain of 
the variable. 

' i • ' . 

Ccnsicer the follcvizt^ cpen sentence: "Ihe sjm cf y an-d 6 is 1^." 

is net meaningful tc discuss the cp-sn se::5^^ce until ve specif* the dcciain of 
y. l«t the icmain cf y be all positive numbers. Tnen. vrite the CT>en sentence 
m s;.m:bolic- form as , 

♦•nat is the truth set cf this cpen sentence? For instance, let us guess 

^ that 2 i^ in the truth set. If ve replace y by 3, do ve get a truth statement? 

Obvic'usl:.' r^t, beca-use 3 * 6 = 1^ is a^faise statement'. A fev trials vill 

convince >xu that tr.e tr-uth set contains only the number 8. * 

-'"if" 

7ne truth set cf an cpen sentence is also called the> solrut'i<5n s^t * 

* 

Thus, the solution set^c^" the cpen sentence y * 6 = l\ is the set vhose onl>' 
member is the n-umber 3. Ve shall also say that 8 is the 'solution of the 
e<juation y * o = 1-. ■ . 

Suppose vo' -vant to solve (^c find the truth set or solution 'set) of 
the open sentence x = 1 > 7^. If ve assume x is a vari&ble vhose dcciain is 
the set cf all real r/mtbers, the cpen sentence vould state that a iiunber x 
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intireased by oiii^-ir^reater than 5^* For what numbers does the open sentence 

1 

bectaae a true sentence? .Test to see if ' i;^ is in the solution set. A little 

thought tills us that- it is not, because the statement + 1 > 5^ is not true 

Cert&infir, any number less than will also not be in the solution set, Hov- 

1 ^ 



ever, any number greater than U| viU be in the solution set because if it is 
increased by one, the sum wii^l be greater than • For example, i;.6 is a 
solution because 

' 1^.6 + 1 >4 ' ■ . 

ts a true sentience. Therefore, the set of numbers greater than is the 
solution set of the inequality x + 1 > 5~." 

Open sentences ate not completeiy specified until the donain of the 
variable is given. Since in^oosl; mathenatical questions the domain is the set 
of all real numbers, we shall frequently omit making any specific statement 
about the dcnain. We make the folioving 'agreement; :if>ihe dcanain is not apeqi- 
fled, it is understood to be the set of all real numbers.*^ " 

^ physical pi^bleas, the dcmain cannot be th& set of all real numbers. ^ 
^^Por example, in the seesaw problan we found md = 1200. Here, the dcmain of 
Ki is the set of positive numbers between 0 and 50, because the distance fron 
the fulcrum can be at ^e^most 50 cm. For instance, if in the original seesaw 
experiment we asked at what distance from the fulcrum should a 20-gm mass be 
placed to balance the 200 gm at 6 cm, we might do this: Let d be the distance; 
then* 

^ 20 gm X d cm- = 200 gm x 6 cm = 12po gm x cm. 

It seeas that d = 6o cm. = However, this -answer is clearly nonsense. It is im- 
possible to^^balance a 20-ga mass on a meter stick against a 200-gi mass placed 
at 6 cm fr<&i the fulcrum. 13ie mathematics gave a nonsensical answer because 
ve did not specify the danain of d. 

In suzaaary, a number , sentence iS ' 

(a) an eqixatic^, if the. number phrases are connected by the symbol 
"=", meaning equality; 

(b) an inequality, if the number phrases are connected by any of 
the symbols, ^, >, <; these symbols aye verbalized "is not 
equal to", "is greater than", "is less than"., - * 

The set of numbers Vhich^make an open sentence true is called the truth 
set or solution set of- the open sentence. To solve an open sentence means to 
find its entire set of solutions. The set of solutions of an of)en sentence 
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may contaiir one member, or it may contain several members. ' / , 

When the set of solutions of an open sentence has been found, we say 
that ve have solved the problem * . . ^ 

Exercise 8 

1* In the following proiJlems assume that the domain of the variable is 
the set of all real numbers. Use your knowledge <if, arithmetic to 
find -the solution set for each of the open sentences. 

(a> X + 3 = 5 ^ . " ' ' 

(b) y + 3 >5 . ' 

(c) = 12' 
' (d) kx ^ 12 ' , 

(e) ' ■ ^ 

(f^- b + 8 < 10^ , . 

2. Replace the box ikth a- number that will make the sentence true, 'f : 

(a) '□ + 3 = 12 
/b) a + □ = 8 

(c) 3*X Cf + 2 = 23 :f 

(d) 4 X □ = 20 J 

3^ In each of the following examples, select those el^jents of the domain 
'which make the open sentence true: 

^ (a) X + 2 = 12 (8, 6^JiO) is the danain of x " 

(b) 3x = 12 {6, 2, k) is the domain of x 

(c) 16 -.y = 10 (8, 10, 6f is the^ domain of y 

(d) . x^ + 4 = 8 '{0, 2, 4} is the danain of x 

Let n represent the number of people that ^ to the local movie on 
- Satuixlay night. What is the domain of, n? If all tickets cost $1.35 
each, ^and t^e tcrtal collection for on^ nigjit is $235*25^ how many peppl^ 
bought tickets? 

(. 

5. "Let g represent the number of gallonis of gasoline you buy at the filling 
station. What is the domain of g? If ea^ gallon costs 30^ and you pay 
$2.76, how many gallons did you 'buy? ' ^> 

o. Let p represent the number of people who go to a dance at which only 30 
couples are admitted. What is the domain of p ? If each couple must be 
accompanied by a chaperone what is the dcSnain of p ? 



1.11 Equationa| and Inequalities 

The previous s-ection dealt *vith open sentences. ^These sentences in-' 
eluded relatioriis "between quantities which were equal, unequal, one greater 
or less than the other. Because of its frequency of use, the class of rela- 
tions that are equal are called hy a special' name/ "equations". Word phrases ' 
connected hy, the word phrase " = " state this kind of relation. Therefore, _ 

sentences stating equality "between num"bers.or quantities are called equations. 

» ' ■ 1 ' 

The relation '"between the values o'btained in one Qf the Balancjsd Meter 
S.tick experiment was 

120 X d = 200 X 6 . 

The value d was o'btained experimer>tally, "by sliding the 120 gm mass to "bring 
the meter stick in "balance. The ,value of d was found to "be 10 cm. This value 
of d is -the solution of the equation 

' * • 120 d = 200 X 6 . * 

If the ^, >, or < relation connects the word phrases, the sentence is 
called an 'inequality. Such a relation occurs in the^ preceding experinfent if 
the meter stick is not "balanced. \f the 120-gm mass is plac^ at a distance 
greater than 10 cm from the fulcrum, the relationship can be desc2ri"bed as ' 

120 X d > 1200 . 

Likewise, if the mass is placed closer than 10 •cm, the relation "becomes 
. ■ 120 X d ,< 1200 . 

Both relations are descri"bed by the statement 

120 X d 1200 , 

These are examples of inequalities. The important .thing to notice is that 
-"any statement which indicates that one num"ber or quantity is not equal to 
a2*)ther is called an inequality " . 

* ^-r^ Exercise £ ^ \ > j j 

Express in equation form the following • 

!• Assigne the cost of gasoline is 32/ per gallon, and C represents the 

total cost of ga'^oline in cents. Write an equation for the total cost 
of n gallons of gasoline. 

2. Write an equation for the' cost d in dollars .of n gallons "of gasoline at 
•32/^ per gallon. 



Write in sjjm'bolic fom the following statements: > 

, 3« The diameter (b) of a circle eqt^als twice the radius (r).- 

k. The perimeter (P) of a triangle equals the sum of its sides. (a, b and 

5« Which of the following sentences are true and which are false? ■ 
\ (a) 5 + (8 + 3) = (5 + 8).+ 3 
\(b) 6 + If / 2(U + 1) 

.(c) 5' + 2 = 3 + 1+ ' . • 

, (d). 3:5 - 2.9 ^: 2.3 . ^ 

, 8(3) 3(8)' ' -^4 

Mf) 3.^ir>.2 . , ^ • 

6* Write five true s-entences involving each of the* symbols, 

7. Write five false sentences involving each of the symbols in Problem 2. 

8. ^Put a numeral in place of the symbol O so that the sentence in eadf 
f case will be true. 

' (a) 0+1=7 

. (b) □ - 3 5 r ^ 

(c) 3 X □ = 12 • 

'(d) 6 T- □ < 2' 

9- How far from the fulcrum should you place a 20-gm weight on tjie Ipft 
, • side to balance a l+O-gm weight of 20 cm from the fulcrum on_JJie-^;ight 
side of the stiSk? (See illustration.) 
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10. 'How far from the fulcrum should you place a 20 -gram mass on the left 
side of the stick to get the following inequality: 

20 gm X ? cm < 40 gm X 2 cm ? 
^ To get 20gmX?cm>iK)gmX2cm? 

Can you get more than one answer? 



,1.12 Finding Uiiknam Masses by Ibcperiment 

The balanced meter sticlt can "be us^ed in performi^ig other experiments. 

Recall the rule that was attained yith th6^ aeesaw experiment. - If the 
product of^mass and distance on one side, of the fulcrvrai equals the, prod^ict of 
mass and distance on the other side,. the meter stick is in balance. This 
rule can be used to measure the mass of any object, for example^ a piece of 
^' rock. ' . 

Start by setting up the meter-stick', insjtrument Just as was done in the 
seesaw ^eriment. (See Figure 7.) . - * 




Figure 7 y 

j Attach a piede of string to a small rock so that it can be hung on the 
g^per' clip "hooks. * Have the standard masses at hand.,^ Time can b^ saved if a 
standard mass with appi-oximately the mass of the rock is selecte(i. Hold the^ 
rock in one hand and a standard mass in the other. Select a standard mass 
which is approxiWtely ti>e mass of the rock. 

Hang the rock of unknown mas.s at a convenient distance from the'fulcnjm 
on the left side. Use any convenient distance such as 20 cm. Then place the 
s^elected standard mass on the otjier^ide at about the same distance from the^ 
fulcruA. (See Figure 8.) ' - ' 
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B±& you get a balance? ' , ' , * 

Follow ^he procedure used fmthe seesaw experiment • Slide the standard'' 
'^ass closer to or further away from' the fulcrUm until you get a balance v Then 
read the distance to the nearest cm between the standard mass and th^^'J^'lcrum, 
Write it down on a sheet of paper. Suppose it turned out to be. 18 cm ind th« 
standard mass 100 gm. If the rock- used Is not^ exactly the same as your part- 
ners *j the distance 'iroviread off wfll also be different, / 

The next problen?'i;s to find tYte magnitude of the mass of 1?he 
Actually, your balanced* meter stick is' an excellent illustration of a physical 
model of equality. Whenever the meter 'stick balances, the product of the mass 
on one side of the stick and its distance from the^ fulcrum must be equal to 
the product of t-ife mass and its distance from the fulcrum on the other">idfi, " 
regardless of the masses used on either^ side. This physical model of equality 
can be described mathematically by an equation. In this case, the equation is 

m X 20 cm = 100 gm X 18 cm . . ^ 

"m" is a^symbol that represents the mass of the object. What is the value of, 
m ? 

If 

m X 20 cm = 100 gm X I8 cm • 

then . ^ 

m X 20 cm _ 100 gm X I8 cm 

20 cm " 20 cm ^ ^ 

If two quantities a^e equal, they can he^)^ ded by the same magnitude and the 
quotients are still equal. For instance, if the mass of hO golf balls is equal 
to the mass of 30 tennis bdlls, both masses can be 'divided by 5 and the ^ . 
quotients remain equals the wei^t of 8 golf balls is equal to \he weight, of 
6 tennis balls. By the same token, ^ , 

>if X 20 cm = lOO^gm X I8 cm, then . ^ 

m X 20 cm IQQ gm X I8 cm Simplify both sid^. . Any number or^ 

20 cm ~ 20 cm , ^ 

TOO trm magnitude divided by itself is 1. • 
m X 1 . i22^ X 18 

20 , . 20 ^ cm T 5/ , 

^ m = 5gmXl8. 20cm.^ 5 

m i= 90 gm ' etc. 1 X m = m '» 

'The mass of the .object is then 90 grams. To check :i^at this answer iTs correct, 
substitute 90 grams for m in the equation. ^ . ' ' 
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^- m X 20 cm = 100 gni X 18 cm 

90. gni X 20 cm = 100 gm X X8 cm 
,1800 gm x'cm = 1800 gm X'U 

2his shows that m = 90 gm is the solution of the\equation. If these values 
are used in the seesaw experiment* the mass of 9o\ grams at 20 cm from the * / 
f^ilcrum would^ balance the mass of 109 grams at I8 WTroiil the fulcrum. Could' 
any other answer except 90 grauls fulfill this condkion? 

Suppose we want to ^ind.the mass measure of a\pi€ce of rock. To simplify 
the arithmetic^involved, hang^he rock 0^" urtknovn mals at 10 cm from the 
fulcrum and usf a 100-gram sliding mass An the other Wde. 
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Figure 9 

Then the sliding mass may be moved back and forVh until theUtick settles in 
a horizontal position. Suppose the distance froVi the fulcrum measures 6 cm. 

m X 10 .cm =\ 100 gm X 6^ cm 
where m is t\ie mass measiPre of the rock. 

m X 10 cm It 



Set up the equation: 



Divide both sides of the equation 
by lO cm ^ ' ^ 

Using the associative law. of multi- 
plication 



10 cm \ 10 

10 cm- flOO' m^S 




10 cm 



/ lOO m \ b cm 
^ 10 ^ cm 



1 m = 10 X 6 gm 
m = 60 gm 



The mass measure of the rock is 60 gm. 



Exercise 10 

^ . t 

_ - *Ffnd the mass of a stone by using the meter stick instrument. Use a 

/procedure similar to that just described. Place the object with the unknown 

J mass on the right side of the stick at 10 cm from the fulcrum and hang the 100- 

gm sliding mass' on th^" left sidei Read off thf distance when the stick is in 

. r . . / - ^ 

59 



balance to the nearest can. Detennine the mass of the .object in grams. Repeat 
this procedure using three other unkhown masses. 



1.13 Multiplicative Inverse 

Suppose ve have the problem of finding the mass of another object. After 
comparing its mas s^ with that of ^he standard mass, it is found that thejnass 
of the object is approximately the same as that of the 100-gra standard mass. 
^ It is necessary; to find the actual mass of the object. » 

Place the obje^^t 7.5 or ^ cm on' the left side of the fulcrum and the 
100 gm at about the same distance on*the*other side of the fulcrum. (See 
Figure 10.) 
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Figure 10 



Aster sliding the 100-gm mass back and jforth, suppose ve get a balance at 
6 cm. ^ 



Let X. represent the mass of the oliject. 'Then, using our rule, set up ^ 
an equation as follows: 

^cmXX = 6cmXl00gm 

Jn this "problan ve are supposed to divide both sides of the equation by ^ . 
This may seem to be a complicated conputation. Hovever, math^feiticietns 
have a better vay of solving this^ type of equation by using the multi'plicative 
inverse. Let us consider this concept. 

Perform the multiplication^ of the indicated numbers: 

' 1 . 

* i y 1 - 

' , 5 . . 
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Do you see any pattern in performin'g'-felig multiplication? * 

Look at these problems closely, Fo^ce that in each instance we multi- 
plied the numl^er by another number such that the product is always 1, This 
pattern leads us to another property ot numbers, namely, "Por every number^ 
except 0, there is anotjier number called the multiplicative inverse, suoh that 
the product of these numbers is always 1," For example 

'\ ' |x2 = l; ' ' 

h«ncc7 2 is the multiplicative inverse of* ^ . In the second problem, 

Another name for the multiplicative inverse of a number ie the reciprocal of 
a nianber; for example, inst^ead of saying that 8 is the multiplicative inverse 
of -Q, we can say that 8 is the reciprocal of, -g. Also, ^ is the reciprocal 

2 . • 

of :r. Finally, it is true that the product of reciprocals is one- The re- 

ciprocal of 1 is 1 because'! X'l = 1. 

What is the multiplicative inverse of 0? Do you .know of any number tha.t 
'multiplied by 0 equals 1? Let*s seel 

'5' X 0 =: 0 - ^ 

0 X 200 0 

In fact,' we know that the product , of 0 and any number is 0. Therefore, 0 has 
no multiplicative inverse. 

Bbcamples . State the multiplicative inverse in eacji of the following:^-- 

1 

X 7 = 1 Answer: =• 

X =1, . Answer: ' » 



1 

a X - 1 ' Answer: - if a iF not 0 

a 

< 

In summary, every number except 0 has an inverse with respect to multi- 
plication* We call this the multiplicative inverse ^ In -the next section we 
will'show how-the multiplicative inverse "^can be uaed to solve an equation. 



ERIC 



y > ^ — -Exercise 11 



Find the multiplicative inversfe. &f eqch of the following numbers i 
1. ,.^-(a) a? - (e5- .<5 ■ (i) J 

. ~ (f)'x, • ^ - ^ ~ 



5 ^ ... .1 



(d) 1 " ^ (h) k 



/ 



(k) 55 
(1) 



(ice)3 



Solvinjg Kquations • 

M 

The prbblen in the previous section stated 

* * • ^ ^ ^ an X X = 6 cm X 100 gm . * 

This-^equatioi^ is solved when X stands by itself on the left-hand side of th 

15 2 

equation. To obrain this, in^jl^ply ^'Cm by .^^^ ^ ^ ' , 
the -multiplicative inverse of ^ cm ; 

-To keep our equality, ve mUst-multiplyH^^e other side of the equation by 

2 T : ' 
also. 

15 cm * 7 * . 

The equation then becomes ^ >r 

( lAi X ^ =■ ( 15^' X6c.)l00g. , . \ 

' " * . , 1^ 15 ' . ' 

' r ' Y - 1200 ^ 

X = 80 gm 
the fu 

'6 cm from the fulcrum. - Check it on your meter stick. 



^ This means that 80 gm at cm from the fulcrum balances lOO gm placed^ 



Examples : Find the solution of each of the following open sentences; 
*then check your answer* % - 
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- Illustrative Example: 

Jx = 60 



Multiply both sides of the 



. (3)1;: X = (3)^ ; ecJUatlon bjf- 4 , the multi- 

(it X ^Ix = plication inverse of ^ . - 

1 X = 80 

• ' 0 X = 80 " 

' >, 
Check: ^ If X = 80, then the left'inember is ^(80) = 60, and the right member 

60. Therefore,.. ^80) = 60 is a ^rue s.entence, and the solution 
^ is80. 



Exercise 12 

1. Solve the following by use of the multiplicative inverse, 

• (a) 12x = 6, , j(d) 15-=§y , . (g) fa^l ' 

2. Translate each of the "following sentences into symbols and then solve 
the, equation for the unknown. - . 

^ (a) The number x j^ulti plied by ^5 is- equal to 30* • 

(b) When a ;ii3mber y is dividAi by h the quotient is 9« 
• p * 

(c) The product of and the number a is. 28. 

(d) Jane 'bought x stamps for 3/ each* How many stamps did she buy 
if she paid 60^ altogether? 

(e) o^ow old is Susan if 9 times her age is 63? 

3. Find the missing values in each case: 



— 7 ^fOM—^^ 

^* its. ' \ fei^ 



Do you suppose a 90 -pound girl could ever lift a" iooO- pound' box? Justify 



your ansver. * 



5* A child vhose veight is 6o pounds asked his, father, whose veight is l80 
pounds, .to ride a seesav vith hin. Where snould the father sit to 
"balance the child if she sits 6 feet frca fulcnca? 

« 

6. A bar 6 feet long isi being used^as a lever to lift a stone. What is 
the veight of the stone if a boy weighing 100 pounds, pushing dovn on 
one end of the bar vhich is ^ feet frcQ the fulcrun Just balances the 
stori^on the other end? v 



1.15 St^TFrn^ry 



The experiments in this chapter prc'/ided data free vhich a relation 
could tbe detemined for calanoing a seesev. To find this relation, it ves 
necessary to^leam about nwCiber phrases-, vori phrases and verb phrases. Ihe 
word phrases and verb phrases gave us an open sentence vhi,ch was the nathesa- 
tical expression of the experimental lata. It was' found th^t .the open senteace 
stating the condition of calance of the seesav vai an equality berween two 
quantities a:^^ therefore, an equation. When the seesav was not in balance, 
the open sentence vas an ,in equality'. 

When the mass on the seesav vas an unknown, the truth set or solution 
set of the equation -was now ccvious. It vas necessary to solve an equation 
to determine the value of the mass. Tne properties of the multiplicative 
inverse and equality vere ^ased to find the solution of the equation. 



Chapter -2 
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S*!', Qie Loaded Bean 

At this tine ve viil investigate the beading zf a ceezr as the load upon 
it is changed » We vill use the sene heen thixrigholt the experiment. It vill 
be cieziped in the sene position and alvays loaded free the se=:e point* 3>'- 
fixing theJbesz:. in this nainer, ve are in, ^ position zc sr^v the relationship^ 

• 4 

betveea the bend^ing cf the lesr arc the e=:-c'^t cf load, 
factors free entering 



ectly into the experiment. 
i'r)^ » riler nay be c^rsrspfei'tc ^ desk vith a ''C^clenp'' 



en:: 



nc-e in tne niier aocat one 



A 15 -inch fiexl 
used as a beent ^ere should be a 
free the free er^- ra^tei a piece cf strong thread to the ruljer and pass the 
free end throng the hole^ Ihe thread vill he ised for attach/ ng loads to the 
beei. ?c neesure the heading of the bean, ve vill sinpl%' record the changing 
position of the free end of the bean as the load is <5ianged. Yea nay ficd tha' 



scce fom^cf a pointer arrangenent, su<±^as a str 
-free end, vi^l be helpful. 

Support a neter stic3: perpendicular tc the 
floor so that the position of the end cf 
the ^dkz can be read cn the^cale as the load 
changes . The snaller n*,nibers cn the neVer 
stici should be at the top. Crig-ure 1.) 




Lg-ure 



. First take & reading of the position of the beaa vith no load attached. 
Hbv haag a 30-graa aass froc the load point and take a aev reading of;the 
position of the* end of the beaa. Continue in this vay, adding 30.gra:^ each 
tlae, until you have at least ten readings. Be ver;,- careful in reading the ' 
position of the free end of the heai. _ Al^ys zry to "sight" along the"rcinier 
in^the se=e vay. Make >-our position reeding tc the nearest tenth of a ceati- 
netei> « ' , r~ 

t 

^ You should ^'record ;ro'^ data in an orderly fashion. Along -Ith the load 
values end the >^siticn readings ycu shc-ld record sue. things as the tv-pe of 
bean {jsed and its length, i.e., tha- part vhich exzer^s cuf.-ari free the table 
top to the load point. In recording tr.e pcsiticn of the end of -.he bes= thai 
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2icv go bach end r.£n through the experlnent again, ^nis tiae start vith 
a 60.gr6= =:ass and continue cy adding 10 grans each tise until ^-cu have at 
<i^t tei readings\ Record these readings in a nev data table ajd put this 
table aside fcr later reference in Section 2.-. 



2.2 Graphinfc the 5c?erinental Points 



--i-f ncv— exa=ine the data' 



see that cur table pairs up a certain 
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value for the position (p) of th4 end of the beam vith a certain vjilue ( ^ of 
the load. The table shovs that there is a certain relationship yetveen the 
load and the position of the end of 'the beam. The value ve -o^-Tain for the 
pbsition of the end of the beam dei^ends on the load that ve hang on the ena . 
of the beem. In other '^r^s, our data is a set of o^der^ "As ve have 

seen before, ve can represent ordered pairs of numbers by using coordinate 
pape-. In doing the experiment, we h^ve decided vhat loads to hang from the 
b^/ ae resulting pcsitio:. of the end of the beam has denended on this load. 

S^eral t^ractice is to make.the firat element of the ordered' oair. the 
.~=,ea9ure.tbat.ve "controlled. Tnus, for this experiment, the first element in 
the ordered nairs'c,.-:il be the load value, and the second element v-ill be the 
position reading associated •-■ith this load value. Gur ordered pairs become 
(i, b) pairs. It -.-ill be.-r.elpf'il to label the horizontal axis the axis 
(llad) and the vertical axis the "?" axis (position). 

A Ba=n^» of the ordered pairs -^lich you .might get fron this experiment 
.^uMio6k"lil.ethis: (O," 20.0) (30, 'SO.p) (1:0,22.0)' (300 , 21^.0). We 
vent frcd an 'loaded beam "to a beam supporting a load of 3C0 grams. At tne 
seme tine, the pointer ^only moved froa the 20 cm mark to the 2h cm mark. 

We are gcing to Ise rhe graph of these orde,r^ P^rs to help us make 
decisions*aW the behavior of the bending beam. In order for the gra* to • 
g^ve a good ^icfore of the actual experiment, appropriate scales shoula oe 
chosen for both axes. In fnis particular case, the horizontal scale should 
go' from 0 to 300 -.-hile the vertical scale extends from 0 to 25. Once the 
da«a is nlotted, ,-ou ,pro-oably -.-ill have scmethin^ •-•hich looks like Fig-ore 2. 
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'300 
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Figure 2 



ae ^ section of t^e =oortl„.ie pu„e .hich is of mter.sfto „. , 

scaigs. lUese scales are not necessarily the av« «f +v, ' . 

Tn liv^.v. 5 ^ ®^ coordinate plane. 

In Figure 3, the horizontal scale is a Hn. . 

scaj^ IS a line above and parallel 'tn tho * 
zontal axis. I^e ver-i v, i'^^a-L-i-ei to the hori- 

.ntp ' °f ^enical axis ae 

^ H= ^ ^ ^ ^ ^ ,,0 po.« .o. ooo? 




Figure 3 ' 



/(fern') 



^.-never you plot data, you should follow,, .ethcd siMlar to^he one 
us d^scussed. It is no. necessa.^ to dra. t.o or .ore.separate graphs 

your grapn. Decide JUst -^ere the graph falls in r;iation to the entire 
coo...e p.ne. .e only .is part of the, entire plane for L gr^T of 



2-3 Connecting Plotted Points ■ - ^ ^ 

s«"fl!L: : """^ °' =Pa=.'betvo» the., point.. ~ 
set of points you have just slotted Dooc a 

to yo5rf suppose that .t.„/th elll T"*""' '"^"'■^ 

-e., „ .« H« i„o„.... 1 lt::::::: oTr^""" -^-^ ■ 

^-p -ir^ • ® Sram each time, instead 

of by 30 grams, we would stiU .find a n^t^ insteaa 
\ '^''^V '^^"^ Q new position reading for eanh i^o;i 

nov.hav. to ..cl.e hov the position of Ihe ena'of thi .'ei vo>ai .^I^ 

■ • 4 1) 



changing load. UtiQ variation is -probably quite regular each time the load 
is increased. Let us guess" that' the position would change only half as much 
if th% increase in load vere J5 grams instead of 30 grams. There is no 
reason to suppose that a regular change of position would not occur between 
these points. Our first guess, for a model of the behavior of the end of 
'the beam with changing load, would t^hen be to Join our experimental, points 
with straight line segments. This procedure will give us sanething like the 
graph shown in Figure 4. 




Figure k 

2.^ ' The Best Line 

This method of Joining our experimental points is perhaps not 'the best 
model ve can construct. Wh^n we say that the beam behaves exactly like our 
experimental points, we are saying that our rftedings are 'exact. Can you 
think of any errors in your data? lliis grapn^s ^Iso the result of a single 
trial of the experiment. 'The errors which can occur may be gre^t enough to 
make this model meaningless. .For this reason, scientists ar;d mathematicians 
do not like to draw conclusions on the results of a single trial. 

If we were to repeat the- experiment a number of times and grajAi each 
set of data on the same sheet of coordinate paper., you would prob.ably arrive 
at a figure like that shown in Figure 5« This figure shows us scanething about 
our ability to reproduce the experiment. (Do we obtain 'labout" the same 
ordered pairs a second and third time?) ' It also suggests that the "spread" 
of the plotted points may be due to'certain inaccuraci^ involved in the 
nie^surements , either in the load value, the position vglue, or both.' Perhaps 




Figure 5 



the plotted "points" should not 
be poJhts at all, but small areas* 

Ihis'last statement illustrates 

■I 

that measuring instruments are 
npt pj^fect. In fact, instruments^ 
designed to measure the same thing, 
may differ among t^iemselves. Ttie 
new ordered pairs that we get when 
we "reproduce the -experiment" point 
out that a single person may get 
different results even vhen using 
the same instruments for making 
repeated measuranents • 

We can sum up* the preceding • 



^^^^^^^^iscussion by saying that there are 
at least two classes of error that must be considered vhen we make any 
sort of measurements, namely, instrumental errors and human e;rrors. We can 
cut down the magnitude of these errors by making our instruments as accurate 
as possible, and then by using them as carefully as we can. However, we can- 
not eliminate the errors completely, therefore, we should keep their existence 
in mind as we interpret the results of our measurement5,.^\ In this way> ve can 
usually see i^at fundamental relations there are between quantities, in spite 
of unavoidab^Le errors. ' ' '^'^ 

^ ^"What we are calling fundamental relations are the results ^we would pre- 
dict if we could be sure no errors in, measurement had been introduced, Let • 
us ^c^iU an experiment- which introdiy^ies no'e^To5^ an Id^al expCTiment .y We fitre 
led to the cqnclusion that the results ,of an actual experiment, and the results 
of an ideal experiment using perfect equipment and exact measurements are two 
entirely different situations. In our experiment we have a , relationship be- 
tween position" and^ load in the form of a data tabie and in the form of a 
graph. What we desfre now is a "physical model"* to explain the behavior of 
the beam*. The data fran each trial, ^d thfe braid arr^ng^ent of the data, 
as shown in Figure 5, seem to suggest a straight lijie^ !'You may not be able to' ^ 
find a straight line ;^ich will connect all the points ,for any one trial, but 
with a little practice, you should be able to find a line which seems' to "best" 
represent all bf^the data. This "best^jptralght line" will be our physical . ^ 
model of a reiation we*have "guessed". This line represents* our model of an 
ideal experiment^ « / 



to 



Once we have decided to depart from .the experinjental "facts'' and draw 
a jingle straight line to represent, our* data, we have a graph similar to 



that in Figure 6. This graph gives a pictorial relation of loa!c^nd position. 
Our problem now is to find a mathematical representation of this relation. 
We now have a relation between load jand position in terms of recorded* data 
and a graph of this data. ' We" have also formed a physical model to represent 
an ideal experiment suggested by this data. We now want to obtain a mathema- 
tical model which will describe the position of the endr of the beam in terms 
of load. This is our third step in the analysis of the experiment. - 

;.In comparing the physical model 
you have constructed with those of' 
othei; students, you may notice that* 
different groups of students will'Tiave , 
graphs which start a't different' points, 
or differ in their y'^teepness",> or T^oth'. 
Can you think of any reason for these 
differences? Check your data* Recall 
how much of the beam extended out -from 
the table edges. Did 'each studrent ' , 
have the beam extend out from the 



- tabO^ edge by the same amount? Was 

Figure 6 i the beam you used exactly like the 

beam used by other students? What was 
•your "zero" reading, i.e., your reading when there was no load on the beam? 



* Exercise 1 

1. Referring to your final graph of load-position pairs for the loade 
^ 'beam, is tfee horizcfeital scale;, drawn alcSng the horizontal axis? the 

vertical^ scale dravn along the vertical axis? 

* * . ' \ 

2 . Give a- good reason why coordinate axes do not always appear on your 

coordinate paper. ♦ 

3- On a sheet^of coordinate paper, draw horizontal and vertical axes wit^T 
\ the origin at' the lower left-hand comer. Number the horizontal axis 
from 0 to 200* Number the vertical axis from 0 to 10. Plot the follow- 
ing set of ordered pairs relating temperature and time: 

'■ {(160 , 8.0), (170 , 8.6), (180 , 9.1), (W, 9-^), "(200, 9.9)) 
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k. Hake a ne^T g?aph of the points of Exercise 3 in such a way that the 

graph nearly "fills" thB "coordinate paper. Label both the horizontal 
and vertical scales. \ , * 

5* Draw your "best" straight ikne througl\'tbe points plotted in Exercise k. 

Why do some of ^ihe points fill off the line? 

• 1 ^ 

If the horizontal coordinates arje the temperatures of -andiron rod in 

degrees CentigrSde, and the vertical coordinates are the corresponding 

times in 'minutes, is the drawing of the iine justified? 

6. Referring to the exercise above, what is the time correspohding to a 

^ temperature of l65^C? What is the temperature corresponding to a time 
of 9.3 minutes? 

7. For each of the following, plot the points whose coordinates are given, 
and then draw, what you judge to be the best line. Read, the y-value of 
the point at which your line crosses thf y-axis and compare the results 
with your classmates. ^ 

. (a)v (15> IT.5), (25,«^20.0), {k3, 27.5), (55. 30.0) 

(75, 37.^), (80, iio.o); (ioo,>5.o), (120, 50.0), 

' (125, 52.5), ^135, 57.5), (160, 65.0) 

(h) \0.2, 12:5), {O.k, 12.0), (1.0, *11.0)/(l.i^, 0,0.0), - 
(1.8, 9.5); (a>8, 7.5); (3r.6, 6.0), *t*r:^i^.5), 
(5.2, 3.0), (5^8, l'.5) 

(c) (0, 0), a, 5), (2, 9), (5, 18)^(6, 22), (8, 29), 



. (1, 5), (2, 9), (5, 
"(9, 3^), Hp, 37) ^ 

(d) {150, 33), (300, 31), {k50, 31)*, (600, 32), (750, 3l)/;(900^ 3^)/ 
(1050;* 33), (1250, 32), (1300, 36)^(1500^^33)^ (1650, ^^32)' 



i 

'2*5 Slope ' ' • I , ^. 

You may recall from your study of the number line ti\at the dist_^.^ 

from one point to ajjiother is the coordinate of the one point minus the 'cpor\ 

dinate of the other. J'or example, the distance between the points wh<^e^^ 

/ j 
coordinates are 2 and-7 is 7 2 




^ \ *. or 5 • If the points are not on 

1 2 ^3 k 5 6 7 8 9 "t^® num^r line, but. are points on^ 

the coordinate plahe, the question of 
..Figure 7 • .finding the distance betveentthese 

42 



points >}ecomes much more complicated. There are some cases, however, which 
are not -too difficult to de|;,enninp. if the straight line, vhich connects 
the two points is either horizontal or vertical then^the distance between 
the points is again only the matter of.subti^acting one coordinate 
other. • ^ 

We will first consider the case^of a horizontal line. If ev^ry point 
of a line on the coordinate plane ha^ the same second elanent, then we_ define 

this ta be a horizontal -line . ,,^e' line illustrated in Figure 8 4s an example. 

. * • 

^ of aJhorizontal line. What, is 



7 - 3 = 1^ 



(1,2) . {1,2) 



(7,2) 



Figure 8^ 



the, distance between 'the two 
points whose coordinates are 
(3,. 2) and (7, 2)?' Let. us define , 
the distance between two points 
on*a Jiorizontal line as- the, first 
element* of one ordered pair sub- 
tracted, fran the first element 
of the other ordered pair; that ife, 
7 - 3« Therefore, in this ex- 
ample,^ the distance between the ^ • 
two points is \* 



For a vertical ^lilie, we shall follow/a similar procedure. If the or- , 

>A ' ' > < • • ' ; 

dered pairs describing the points of a line on the coordinate plane all have 
the sam^ girst element, then, we define this^line as a vertical line . The dis- 
tance "betwe^. any two points ''on tH vertical line is the second element of one 

y ^ 

ordered pair subtracted from the second element of the other ordered pair. 
It follows, then, ^thsCb the^^^,i§tance between the pointy whose coordinates are 



(3A) 



(3,1) 



Figure 9 



(3,1) andj(3,>) is 5 - 1 or 

If two points have coordinates 
su^h that the first eJ.ement^^o? 
each aire different an.d the second 
elements are also different thaft 
the line drawn through these < ^ 
points is neither horizontal nor 
vertical. The ordered pairs (2,3) 
<- and (7^,^) determine^^uch a line. 
As we scan this line (Figure lO) 
fran left to -i^g^it, we notice that 
it slopes ug. 



i> We might ask, at 



r -1 




Figure 11 



this time, if there is any vay^to 
compare 'the, "steepness" of- the 
slbje of such lines which are . 
Blither horizontal nor vertical. 

Before we ^actually answer 
this question, let us IoqIj. 
at the line drawn in Figure 10. 
If we draw a horizopf^l line - 
through the point whose coordinates 
are (2,3) ^and a vertical Aine 
' through the other point (7,^),->we 
have two new lines which intersect 
at a new point* This point is^ a 
point of a vertical line which 
passes- through^ the point (7, ^) • 
By definition of a vertical line, 
^^jj the horizontal coordinate of this 
new point is -The point is also 
a point of' a horizontal line, which 
by definition, must have a vertical 
coordinate of 3- Therefore, the 
coordinates of this new point are 
(7,3). 



The distance, on the vertical line, between the points (7,^) and (7,3) 
is ^4- - 3 = 1. Ihis vertical distance fs often referred to as "ris^". The 
distance, on ;the horizontal line, between the points (2,3) and (3,3) is 
7,^^ 2 =-51 This horizontal dist&ice is referred to as "rUn'V.ife.. The ratio 
of the "rise" to the "run" is called J;hfe slope of the line. The slope of the 

line 'in this fexample is ^. . ' " 

i ^ I 

For a straight lihe the "s'beepness" is the sanie along the total length 
of -the line and the slope will be the same between any two pdints we might 
pic^t The letter m is^ usual ly^used for the slope. Thus, ^or' a straight line 
we have ^ 

' • ' ^ rise . . 

m = ^ s Q constants l 

run ^ * 

We note that in finding the rise, we subtracted 3 from The^e numbers 

were the second elements of the original ordered pairs which we used to find 



the line.- The run'^was detemined by sijrtjtr^cting 2 from 7- These numbers 
were the first eloneh^s of the original ordered pairs. From this it appears 
that it is not actually necessary to draw in the hori2Sontal and vertical 
lines through the points in order to find the^lope of the line. ^ 
The slope of a lihe through <the points whose coordinates are (a,b) and 
.(c,d), where the second, point is to the right and up from the first point is 

^ " 'As we scan this line from left to right, ^e find that it slopes up. 
c - a > ^"--^ — 

As an example of this procedure, suppose that t^o points have t^he coor- 
dinates (8,18) and (l6,28). (Figure 12.) The rise will be 2X^ l8 and^he 
run 16 - 8. The slope of this line will then be 
- ' ' . V. '28 ->a8 10 5 
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Figure 12 



' Exercise 2 ^ 

Which of the following two ord^ed pairs determine' a horizontal line, 
a vertical' line and a line which 'is neither. 



(a) - ('3, 2), (5, 2) 

(b) (0, 0), (7,~ 0) 

(c) (10,4), {h, 10) 

(d) (5, 6), (6, 7) 

(e) (2, 8), (h, 8) 



(f) (2,3), (2, 2)' . 

'(g) (561, 10), (562, 11) 

(h) (3, 1^^), (6, 28) 

(i) (9, 8), (9, 1) 
M) (Q,8), (0, 5) 



2. 



Foi: each .of the following two ordered pairs state the rl^.e and the ■ 
, run^.for the line determined hy these points. • _ ' . 
. -.(a) 7(2, 5), (4, 8) V ^ ' .(f) (763, 753), (g^^ , 

, (3/9), .(2, 1). (g) (8, 7), (2; 5) ^ -. ' 

(8.5, 7)-, (9, 9) . • (h) (8, 10),' (0, 10) • 

(d) (20, 10), (25, 17) , , (i) (3.7, 12.6), (5.2, 13.1) ' 

' (e) (5, 3), (5,«986) ^ • Jj) _(|, |), (J, 

3. Deteimine the slope of the line-^connecting the points in eacih part of*'' 
» Prohlem 2. ' . • . . 



,,-2.6 Eaudtlon of a Straight Idne - Slo£e- Int6rcept Form 

We starting point of the graph of the loaded heam, relation may haVe 
differed from group to group. ^Ohis is the point where th^ line intersects the 
vertical .^. Ohue, the "hoi^zontal" cobniinate of .this point will he-zero. 
We know that the^Tatio of the rise to the run (the slope) will be the same - " 
for anjt.two points on the lihe. Jf we know the value of the, slo^'of a line' " 
and select the point at which the line intersects the vertical" axis yith 
coordinates (O, b) as the fi^^t point;. then,' for any arbitrary lecond i«int 
with coordinate5;r( I, , p) we hav^* , - " . ^ 

Since I - 0 is the ^ame number as i ,-we could rewrite this statement ' ^ =, 
Multiplying both sides of this expression by / we get' ' i ' ' 

But -J- ts ihe same^as 1, so we can again rewrite t» get 



p - b = 

and finally 

m| + b'. >^ « 
Every straight line, except a vertical line, can be giver, an equation 
of this fonn. ,The equation, - , ^ 

, ' V . ' ' \ ' 

V =»m I + -b . 

vas derived fron\ our definition of slope and the statanent that, all portions 
of the line have the same slope. If we look.more carefully at the derivation" 
of this' equation, you -will recall that we began with two oniered .pairs, one 
of Which Kas,bf the fonn (0,b). This point has a special significance. Tkis 
is a poifit^^on the vertical axis. Since we have already said. that this line 

54 



cannot <l a* vertical line, we know that it can cross the v?ertical axLs-in 
^actly one point irhose co9rdinate8 ^e (O, \>) » This point is referred to as 
the intercept . Looking again at the equation in this fom, we note that the 
factor m is the slope of the line and the tem b is the intercept • Hence, 
. this foim of the equation of a straight line is called the "slope- intercept" 
foim of the equation • - ? 

In Figure 12, we determined that the value, of the slope of the line was 
^. Fran the figure we see that' the coordinates of 'the vertical intercept are 
(O, 8) and 

8.5 i ' 



and the equation ^of this line is ' ' 

^ , . . P^f i + 8. 

With this equation we can predict position of. the pointer for any given load. 
What position would you predict for a load of l6? In^this case, 

♦ 'i 

-P = f(l6) + 8^ 



or 



. . P-= 5(^) + 8 = 28- 

The graph did have an ordered pair (l6, 28) and we\^e that this equation does 
^give us a method for finding ordered pairs that^are'the coordinates of points 
on the line*- , ■ ' 

If we refer back to the set of ordered pairs' presented in Section 2.2, 
we, can derive an equation for the graph of the best line determined by these 
ordered pairs\ Graphing these, ordered pairs (fo, 20,0), (30, 20,5), 
(150, 22-0), -and (300, 2k.O)] and drawing the '*best line" would probably give 
a graph like that in Figure I3. "Ihe ordered pair (30, 20. 5) falls Just off 

the l^lne and we might justify this 
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^Figure 13 



on the basis that the second element 
of €?&ch ordered pair was measured to 
the nearest O.5. In this case tfie in- 
tercept* is 20 and the sloji^ is ^ 

2k - 20 ^ 4 ^ J. . . 

300 - 0^^300' 75 • ~ ^ = 20 



and m 
line" is p 



so the e^^Ai 



^on of our '*b'?st 



'300 



4 We now have- a mathematical 
model which can be useS^\ If we in- 
sert values for the load in the ' 



equation we can now calculate a corresponding pdsition^value* If ve calculate 
position values for loads which were used in the expej^isent , ve can find how, 
closely our model a^ees with our actual observation^* >fcreov.er, ve can use 
this model 'to predict position values for loads vhic^. were net actually used 
,in the experiment. Try this. Pick a load not "previously us^ cut in cetveen 
the extreme values. Use your equation to predict "qhe position cf the end of 
the be^, and then find the position for "this^ load ^4xperi:2ent ally. Do the 
predicted and observed values tend to agree? 

? 

Can we also use this equation to predict deflection readings for^ loads 
o\itsidie the range used? We have to be careful in usi!:g this process. Ir-e 
equation s^eas to give us values for the position cf the end cf the^ean for 
upward* bending, aad>for loads which far exceed the "creaking point" cf cur 
beam. Thus our equation be liziited tc values cf £ vhich ere m the in- 

^terval fron 0 to 300. 

* Ve have now achieved \he aim of ^he- exBer^liser.t . We have learned hoy to 

investigate the possible variables and hcv tc isdlate and cbser"«€ these vhich 
are of particular interest tc u|. We found tpe;, reflation tefween lead and posi- 
tion both in termJ^f tabular, data and a graph cf the dat^. We then nade a 
physical model of the experiment by represeSting the data as a ''best'^ straight 
line. Finally, ve found a aathenatical reuresentaticn cf this ::h>'sical nod el. 
In future experiments ve vill use these one epts again and ie/elcp new tech- 
niques, both experimental and mathematical, to help explain cur physicaZT 
surro\andings . ' 



1. 



' 25xercise 3 

Tabulate th^ coordinates of the . 10 

points P,'^ and^R, shown in the-* 

a<;ccmpanying grai*. Calcuiate the, 8 

slope of line i^, ^using' the 

points P and Q. Do the same ^- 6 

for points "T* and R and aga^n 

for l^ints Q 'and JR. k 

Referring to Figure 1^^, ''.^at are 

2 

the slopes and vertical ax^s in- 
tercepts of lines ig, * and 
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3. 



, Find the slope acd intercept of 
lines and / g (Figure 15). ^ 

>fcat 'do you need to kncv about a 
'line to distinguish it froa any ^ 



3i 



6. 



otbrer line? * 

%:^te the ecuaticAs for the lineS 

/ / I L f 

V 2' y ^ ' y ^ 

and shovn in Fig^ires 1- and 

15. ' ' ' 

In the leaded cesz experiment, 
-i^at is the significance cf the 
pcsi'tien axis intercept that vcu 



obtained ? 



wc-L^^-a sirrerent 



ferent s^cre 



a di 
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mear i<naticns 



Ve have seen that* sic r-e is^a ver>' iai'Dcrtant ccncerrw in discussing the 
nai^enatica- iescripticn rf ^ Line. 'Ve have defined the slope of saline by, 
using the eocrdinates cf t--c distinct points on the line. Tne sdope "of a 
given* line* ires nc;: -iepend on the particular pair cS points used to deteitiine 

position cf these tvc point?s. 'The exssples be- 



.lev reviev the varices tcss; 



aiscus 



ssec nere. ' 



. • :ach of the e5cs=ples ^* 



shovs a general situation and ^'snecific exsrinle. ^ » ' . 

?^ ^s^coi^ ppint^ is- abdve and to the right pf (first 





Tne slope is positive r.^ 7r.e line rises> ^^as ).;e proceed^ frcn ^eft' to rigiit . 
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Bcmplea* ?£ and Pg have the s^e vertical coordinate. 



« - 2 . S 
0 

^3 ^ 
(i;,2)- = 0 4T 



Figure IT 

• The slope is zero'i Ifc^ line is bori^cn^al. 

.< 

Sxagple 3* a:^! have the sese borizonval cccrdinate. 



(3/3) 



(3,1) 



" 0 

a undefined 
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Figure i8 . " ^ 

Qie slope i% updeflped r Qie line is vertical.. ' ^ 

Our discussion of slope has ignored' one, general situation th^^t aay.de- 
velop* ^Ihat is vhen ?2 is belov"and to the right of/?2^ as ^ghovn in rligure 19 .n 



ye vill reserve discussion of rcliis situation for a later 'course, 
-r^— c^-' '* 'Ve nay sumarize the preceding results ajs follovs. 

^ , . •/ • 

If H > 0, the line rises to th^ right.- 
. '^^^ . 'If .a = 0, the line is horizontal. 

if n is undefined, the line is vertical. 



.We have seen in the lo^ed bean experiment that ve can derive the equa- 
tion of a straight line frcn the graph by using the concept of slope and the 
coordinates of the point at vhich the line intersects the v^ical axis. Hov 
let us' see hov the ^op6 and vertical intercept can. help us to drav liiles. 
Suppose a line has slope j and a vertical intercept vhose coordinates are 
{0, 6).. Let-Js drav the line as veil 'as vrite its equaticjji. To drav the 
graph^ ve start 'at the intercept (O, 6). Then ve use the s^ope to locatJe 
*other points g& the ii^e. Ihe f^ct that the sloge is positive tells us th^t 
the line.vlll rr&e ,as ie go to the right, and tl^ngnber % tells- us hov 
fast the line rises. Be"5^een tvo certain ixDin^ on the line, tnevertical 



c h ange vill oe tvo units up' for a horltental change of three to the "riAt" 
take* 



We 



^ ^^^^ If, ve take^the point -^ch" ve knov is on the lin«, (0, 6), as one of the tvo . 
^;^^^?9ints, ,vfe can- find another point '3 units- to the right and 2 units up 

c^^repedt this ^roc^s as often as ve vish, and quickly get several points 
thrJugh 'vhich ve siay drav the line. (Pigure 20 J ^' * *• 




Since ve nov have m = r- and b = 6, ve may write the equation of the 
line as y = ^ + 6. 



Exercise h 

ly Calculate the slopes of lin^ l^, i ^, 'and i ^ in the accompanying 
^ figure using in each case the stvo points' indicated on the lines. 
3 
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What is the slope of a horizontal axis? A vertical axisf * ''^ ^ - - - 

With reference to a set of coordinate axes, select the point (i, 3) and 
tfirough this point ' - P 

(a) draw the line whose slope is ^. What is an equation of this line? 

(b) draw the line* through (6, 3) which has a slope of zero. What is an 
equation of this line? \ ' 
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Draw the following lines. 

(a) a line through the point (1,5) with slope ^ . 

' (b) a line through the point (2,1) vith' slope -|\ ^ ^ • ' .. 

(c) $ line through the point (3^^) with slope 0 , i 

(d) a line through the point (^4-,3) with slope 2 . 

(e) a line through the point (3,4) with slope undefined^ (Vlhat 
type of line has no defined slope?) 

Consider 'the line containing ^;he points (2,3) and (9^5)» Which of 
the following points is on this line? (Hint: First determine the 
slope of the 2ine containing the poiiflts (2,3) and (9^5)0 

(a) <30,11) ^ ' (d) (23,9) 

(b) (7,4) ' * (e) (19,58) • ' • 

(c) (22,9) (f) (5^,19) 

Write .an equation of each of the following lines. 

2 * ' • 

♦ (a) Hi^ slope is - and the y-intercept number is 2, (The y- intercept •num. 

ber is the vertical coordinate of the point at which the line crosses 

the. vert ica;. axis. In this'case, the coordinates of the intercept 



rtica^ 



are (O 

(b)'" The slope is ^ and the y-intercept. number is- 0. : ■ ' 
(6) Ihe^slope is ^ and the y-intercept numbfer is j . 
(d)' The slope is 3? and the y-intercept number is 5. 

. WhalJ' is the slope of- the line containing the points (0,0) and (3,4)? 
. What ^s :the y-intercept -number? Write the equation of the line. 

Ve^i^f^.that the slope of the line which contains the points (0,5) and 
*{8;i37?ls 1. If (x,y) is appoint on this same line, the slope could 
be written as - ; ^ 

' 2L1^V,, or ' m = 2L^". 

^ . . X 0 (j . X - o 

"Show that both expression^ for the slope give the same equation for 

the line. * 0 

Write the equations of the lines through the following pairs of points. 
Use the method of Problem 8. ^ , • 

(a) (0,3) and' (5,12) - (e) (3*0) and ^6,3) 

(1^) (5.8) and (0,1^) ' .(f) .(3.3) and (5,3) \ 

, (c)"(0,2) and ' (3,7) ig) (3,3) and (3,5) _ 

' (d) ,.(5,8) and (0,6) (h) (1^,2) and (3,1)' 



2.8 "Relations and Functions 



f in the experiment vhicji we performed, we collected a series of ordered 
pairs. Jn each of tHese ordered pairs', we noted a given, load and a p^^rirlfing 
.position of the b^am. We might havef thought of a set of ordered pai/rs, 
(position of the beam, load), but in order to avoid confusion, we must^j always 
agree to state our ordered pairs in the same order . We consider load as the 
first element and position the second element of this set of ordered pairs. 

However, a single ^ordered pair does not tell us very much. In fact, in 
order to get the' complete picture, the mathematician and the scientist would 
.prefer to have the total set of ordered pairs. 

Any set of ordered pa;ir8 will be called a relation . The set of all 
first elements of the ordered pairs in any relation is called the domain of 
the relation . The set of second elements is called the range of the relation . 
Vtoican say that a relation matches each element of its domain to one or more 
eRments of 'Its range . In the experiment with the loaded beam, the domain 
of the relation was the set of all possible loads while the range of the 
relation was the set of all possible positions of the pointer. 

♦ * 

In Pigure^21, we have a graph of a set of 'ordered i^airs. This graph 

displays every* Ordered pair 
' of the set and, hence, is a 
^pictorial representation of 
a relation. If we check all 
the ordered pairs of this . 
relation, we note that the 
first elements of these ordered 
pai3rs ean-be~<j^ly real numbera 
from 0 through 10. This is the 
domain of the relation. The 
second elements of ^the ordered 
pairs are real nvmibers from 0 
through 5, which is the range 
of the relation. ,The domain of 
the relatioh which is indicated 
along the horizontal axis is^ 
sometimes emphasized by 'the use 
of a heavy line, as in Figure 22. 
Rang§ is itidicated a^long the ver- 




Figure 21 




Figure 22 



'5^ 



tical axis: and may also be em- 
phasize with a fieavy dark line. 



V 



If we look at the relation in the experiment a little more critically, 

we/vill notice Jbhat it has some special, properties . One of the properties 

leads us to predict that ^each time ve load the beam in exactly the same yay 

we will always expect to get exactly the^same amount of bending. What does 

this mean in terms of our relation?. Simply this^each load results in a 

single definite benaing of the beam. Any time we have a relation which 

matches each .element of the danain with exactly one element of the range, we 

give it a special name. We call this type of relation a function . Now then, 

to summarize what we have just said: a function is a set of ordered pairs 

such that each element of the domain appears in one and only one- ordered pair 
I- • 

Figure 13 gives a pictorial display of the ordered pairs which we pre^ 
dieted for this function. These were taken fron experimental data. Again 
we emphasize the domain of the function which is indicated along the hori- 
^zontal axis with a heavy line* In a similar manner, we can onphasize the 
range Vhich fs indicated along the vertical axis. (See Figure 23.) . 
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Figure 23 



Exercise 2 . ' 

In Problems 1 through 5 < • ' , 

(a) G;raph the oapdered pairs given below, state the dctnain and the 
range and tell if ,the relation Is a function, 

(b) In each case fom a new relation by interch^inging the first and 
second elements of the ordered pairs. Graph this relation, 
state the domain and range and tell if it is a function. V_ 



Example: Given R = {(O, O), 
(r, 2), (2, h), (3, 6)} 



New Relation: 

S = ((0, 0), (2, 1), (k, 2), (6, 



O'' 1 2 3^56 



oil 2 3 h ^ 6 



domain {0/ 1, 2, 3) 
range {0, 2, k, 6} 
-relation is, a function 



new danain {O, ^, h, 6} 
new range {0, ij 2, >3) 
new relation is a function 




M = l{2^), (2, k), (2, 5), (2, 6)} • 

N .= . j(0,_0), (1, 3), (5, 5), (9, 3), (lo; 0)} 

= % (J, 2), (1, 1), (2, |), (It, J)} 

Q =J(5, 3), (8, 3),. (11. 3), Clh, 3), (17,3)) 

T ='%0, 2), (1, 1), (1, 3), {h, 0), {k, k)) 




1 



56. 



Which of, the ^rajihs of the relations shown belov are graphs *t>f a' 
^'llmction? . ^ ^ 

Example: \ 

(1) function ■ (2) not a function (3) not a function 

- — " ^ 



' .2 



2 
1 



mt 



(a) 



(b) 



(c) 




(f) 




..(g)" 



(h) 



?. In th& loadedljeam experiment the data in the table forms a relation, 
(a) What are the, domain and the/range of this .relation? 
.Cb) Is this relation a function? ^ . 

8. Does the "best straight line" describe a^'^function? ^ 

9. 'Are the danain and range of the "be^st straight line" relation the same 
,'as the domain and range of the^"data relation"? Explain. » 

10. Are the domain and range of the equation found to represent the "best 
straight line" the same as the domain and range of the best straight 
line relation? 



2-9 The Falling Sphere 

This experiment continues ouj discussion of linear functions. We will 
encounter m^n^of the concepts learned in the previous section. In addition^ 
ve will extend our knowledge of linear functions. 

You may haVe learned in yorxt study of science ^that all bodies take the 
same, time to fall any given distance in a vacuum. You know^ however^ that ^ 
an^iron ball and a feather dropped at the game- time from the 'same height will 
^ not reach the floor at the same time. Unless we drop objects in a vacuum^ ^ 
these objects always encounter some foiin of resistance froa the medium through 
whichxthe obj.ect falls, in a medium such as air or water tflls resistance is 

. not. coJ:i&;^ajit, » but *incr eases with increasing speed. Eventually a point is 

. i , ^ % 

^reached when the upward resistive force equals the downward gravitational 
^^^,^11 on the object. Frpm this point on the object -^11 fall at a constant 
- #|jpeed^^ This speed is called the teiminal velocity . A m^n jumpiiig from' a 
plar^e will reach a teiminal velocity- of about 120 miles per hour. A "sky 
diver" with proper control of his body can lower this figure to about 50 miles 
per hour. An opened parachute encounters a much greater resistance and lowers 
one-^B terminal velocity to a point of relative safety^ about 20 miles per hour. 

^ To investigate the phenomenon of teminal velocity, a small ball-bearing 
^is allowed to f|all through a thick /luid (Karo syrup). The ball-bearing will 
reach its^termi^Q. velocity in the first few millimeters and then the ball 
will continue to at' a constant speed. 

As in all experiments, we now have to thinly of all'^the possible condi- 
tions we are likely to mefet, and decide how .to handle them.. Since our .i^^ves-:^ 
tig^tion will center around the speed at which tl^e ball falls through the syrhp, 



,) we-p5ast 4e|;eniiii\e those condi^tions which influence this speed. 

♦ T(Kte^t the influence of \:he size 'of the object upon the terraiiial vel- 
j ocity, we can drop ball bearings of different sfles into containers of tfee 
same size and shfepe, all filled with the same kind of liquid. 
^. To, test the effect of the Jar upon the speed of the falling^ball; we 
can drop the same bail^'in different size containers filled with the same type 
of liquid. * 

To test the influence of the liquid itself; we can drop ball-bearings 
"of the game size into containers of the same size and shape blit filled with 
different liquids . . ^ ^ , * * 

If you notice any dif f erence*in the terminal, velocity of the ball in 
any of these situations ; then the factor that changed is a variable in which 
^ we are interested. . Can .you think of any other variables wijich may influence 
th^ experimeoj^ Does the tenperature of the liquid influence the speech of tjie 
ball in the same way that it affects the speed of the hot fudge moving off the 
»■ top of an ice cream sundae? 

^ " Once we have our list of -these condition? we must determine an experi- 

mental procedure in \^ich we can control, their influence on the teimlnal vel- 
0 ocity. We will pick one container and one type of liquid and always have the 
ball fall in the Same portion of^^the jar. v 



The terminal velocity of the ba^^mowever, cannot be measured^ directly* 
What we must do is to measure the distanc^ the ball will fall during some 
time interval. For example, to find-the speed of ar;^ automobile , we hav;p to 
^know fhe distance traveled and iji^^ time taken to travel this distance. 

In this experiment we will usV-a metronome as a timing device , thus 
providing an audible signal for sel'ected time intervals. In this case we pick 
the tihe intervals, and the distances covered by the falling object will then 
depend on these time intervals (distance is^a function of time). 

- / To recoxd thg position of the ball as it falls through the ^yrup, fasten- 
a thick paper tape to the side of the cylinder with cellophane tape. (See ^ 
Figure 2^..) Dr.op a ballrl^earing into the cylinder so that it falls along the 
wall of the cylinder as close to one edge of the tape as possible. .Since the 
velocity of the'ball will be quite small, only a little practice is needed 'to 
follow the pafh of the ball along the edge of the tape and mark its position 
with a pencil ^ each time you hear the click of tlie metronome.'' The metronome 
should be adjusted to click>e^ery second. ^Make a mark every other second. 
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"^A sjtkil magriet will l)e necessary to get'i^he ball in position along the 



edge of the tape befpre releasing 
it, ft is also used to bring. the 
ball back to the surface for 
future trials • You do not tave 
to marfc the path of ihe ball -for 
its Vntire fall. Teh position 
inarlcsN^^c^ at tvo-second inter- 
vals will be sufficient' fpv eac&**f' 
trial. 

At least four separate trials 
of the experiment .should ,be made- 
using a new tape for 'each trial • 
Mark the trial number on the tape 
and indicate which ehd of the tape 
was at the top of the cylinder • 




Figure 2h 



It is not necessary to make the first mark in the $ame place each timer The 
-first mark is taken to be the position of the ball at "zero" seconds, the 
second mark the position at the end of two seconds, etc. 



a. 10 The Graph and the Equation 

^ter completing the four trials, fasten each tape in turn to a centi- 
meter^ruler sb that the "zero" time mark coincides with one of the^ruler marks. 
Measure the distance^ in millimeter^' from the "zero"^mark to the first mark, 
from the' zero" mark to the second, etc. (See Figure. 25.) .Record the^ata for 
all four trials in tabular f om and plot the resulting time-distance - 
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' ' ' ^ Figure 25 " 

ordered pairs on a single sheet of coordinate paper. Since we have conducted ^ 



the experiment in such §l way that the. distance traveled depends on the time 
interval, we will again follow conventibnal practice and label the horizontal 
axis- "time in seconds" and the vertical axis "distance in millimeters". Re- 
member to calculate the domain and the range before -setting the scales on the 
^ paper ♦ We, again want the gr^pja to "fill" the pap'fer^ as much as possible. 

if you make \he "braid" arrang^ent discussed in the loaded beam expert- 
mea^^ all of the points shoulc3^ fall in sane fairly, narrow band\ (Figure 26), 
Do you think that if yq^T^^s^^e to repeat the experiment* under the^ame condi- ' 
tions that your new points would ...^ -^ 

•fail within this band? ' ' . . . 



We obtain a band ratfer 
" than a line because of the 
various errors in measure- . 
mentvand the influence of 
variables Sther than distance 
- , and t^e. The details of this 
analysfs will be reseirVed for 
'a future course. 

There are many s'traight 
V " lines we could select to repre- 
sent an id^ali-zed relationship 
between time o$- f all and distance* 
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Figure 26 

Draw what you consider to be the''"best" straight line- to represent the d'ata. ^ 
Remember to include the (O, O). point in your line. The manner in which ve 
perfomed the experiment tells us that at. "zero" time the ball; has fallen 
"zero" distance. Ihus, even though there are many lines to chgose from, 
every One' of t^enr shoyld-^ass throilgh the origin. 

have to build a ^mathonatical model of the physic&l relation- 
^sfiip sriown in our /'distance versus time" graph. We can do this by repeat^ig^ 
the procedure ^ learned in, the loaded beam experiment. The slope should not be - 
difficult to compute at this sta^e."- We 'know that the line must pass through 
the origin; hence the coordinates orfthe "y" intercept'are (O, O).' The equa- 
^.tion which describes the motion of tie falling sphere is" therefore quite simple. 
Calculate the slope using'anv two poiVts on the line. Then, using the origin 
as the first point, and any^bitrary point on you? line with coordinates 
(t, d) as your second, we have " *, 

. • " d - 0 



t - 0 

/ 



= m 



\ 4 



or 
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&nd 



^ de sloDe in this exTDeriment has "a special signiffcance. In calculating 
^ ^ * * 

the slope, the vertical distance frcsa the first poini to zhe second is a number 

'> '* / 

of millimeters while the horizontal difference is a number' of seconds. The 

slo5?e therefore will -be expressed in millimeters^^er second, and thus is a 

measure of the velocity of the ball. Since ve have found that, the experiment . 

yields a straignt line, the slope, and therefore the velocity, is a constant. 

^ Our initial coSments are thus confirmed *cfy the time ve' begin taking data 

. the bajll has already reached -its terminal velocity and falls at a constant ' i 



' ' Exercise 6 / 

1. Heprodace the ^^best straight line" you have drgvn tc* represent the data 
of this experiiient cn a cle,an s?:eet of coordinate' paper. Take^tho four 
pieces of pai)er tape used to mark 'trxfi position of the bali and arrange , 
* then so that the zero marks are in lipe (Figure 27). On a clean fifth 
tape, make a mark to indicate a "zero" position arjd align ;:his mark vith 
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; Figure 27 ^ , ^ • 

the ether zero marks'.;^ "me other marks on your tapes will not be "in line", 
but should tend to center ip groups about 4 number of imaginary vertical lines. 
Make a mark on the cleak tape 'to indicate your "guess" as to the position 
which best represents each vertical set of marks, using the fif^h tape as if 
it were a new trial, mark your measurements in the usual way, enter ,the data 
in your table, and graph the ordered pairs. Do. these points come closer" to 
forming a straight line than any of your four trial rims? How does this line 
compare with the "guess" you made fran the "braid" arrangenent? , • ^ 
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PzxM the data of your four *trialS; find the avei^e distance *tr«veled 
by the ^ail*in each tiae, interval. Make a nev coluzaa'in'^your table; 
"Av'er&ge i)istence (m)**; and -nov plot average dis^tance'versus tiaie on" 
the sai^e sheet of coordinate paper used for Scer;:ise >. Hov clo6^ do % 
^these points cca^ to* forsiing a straight line? You now have three liner 
on this sheet of coordinate paper* Ir.e first is»the "best' straight line^ 
free your original data, the^ecorxi^s the line obtained in, Scereise 1, 



and the third line is- the onq/ obtained by the process of a* 



•||ragi 



ng. 



3. Drav a grapa using a scale of 1 second for each horizontal division 

and 1 riillimeter for each vertical division. Drav a line *T.ich passes 
through the origin and has a^slbpe of l=i/sec; Sun/sec; and 3 m/se<i. 
Label these lines. • . 

^. Repeat the above exercise vith a hcrizorrtal scale of 1 second ber divi- 
sion but vith a vertical ^cale of O.p nilliseter per division. Are the 
♦ 

tvo sloD^ the sane? - ^ 



2.11 The Point - Slope ?ors 

, xnen tne aata free tr.e i^^aaea Seez, Scp^riaent vas plotted on coordinate 
paper, a graph vhlch' res ec'^led that in -Figure 25', a) resulted, and ve found 
that an equation of the' fom '/ = tx ~ z could be used as a repres^^tion of 

' . this graph. In the Fallir^ Sph^ere 

eicperiiient , the graphical repre* 
y ' . , * ' sentation of the data passed 

thro'-igh the origin (^^ure -28Cb) ), - 
and ve fcui;d that ^ allographs of 
this type could be represents 
oy an equation of the fonn 
y = inx 0 sinjCQ^-th^ graph passed 
througl^ the origin. A sinpler 
fonn of this equation is y =*mc. 

Suppose, hovever, ve are to 
arrive at; a graph vhich looked * 
\ like that in Figure 28 (c). 'in 
ithis case, if our (Jcmain is limited 
to values greater than or equal to 




r1 





a, and Less than*or equal to c, 
ve vlli not have a "y-intercept". 
The slop^, however, can still be 
^ calculated in the usual way by 
- selecting any v^o points 'on the' 
graph and finding, the ra^io of 
the* vertical distance between 
these points to the horizontal 
distance ber./een then* The slope 
is the sane for any r-ro roitts on 



straight line. 



S^aln tne 
:he end 



eauaticG or tnis -Ine, 
pctnX of the se^ent which has 
il.e ^ccrdir^es b) is tal-cen as 
cur i^lrsv point. 'Then for any 
arbitrary point with qcordinates 
'X, y) we have 



^ Ihis is the third of three "speqial" 
foirns of Vr.e equation of a straight 
Figure 28 line* This ^uaticn is known as 

the "point -slcpe*" fcm of the equation of a straight line. 



rxercise { 
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points indicated in the following graph. 
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I 2 using the two 
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Write the equation of the lines 
dicat'ed in the follow! Ag graph. 



t , ' and £ ^ using the points in- 
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8 10 12 - Ik 16 18 20 22 
Refer t<s ycur load -pes i'^ion graph obtained in the loaded "been experiment. 
Usiiig a xjolnt noz on the vertical axis together vi'th the slone. find the 
equation- to represent the best straight line** sSov that this is equiva- 
lent to the equation obtained, using the slope -intercept form. ' * 

St^te the slope of the graph of'^eacn of the following equations. Give 
the coordinates of -three points on the graph of.. each, 
y - 6 



•(a) 

(b) 
(c) 







J. 




X 


- 3 


V 


- 10 



= 3 
3, 



X - 10 



(e) 5y -= 2x - 15 

(f) 3x 5 = y • 



(g) 
(h) 



y - h 

X - 2 

y - 5 



f{x - 2) 
10 
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2,12 Sufcilary ' ^ 

In'^this chapter, ve developed the concept of drawing the graph of the 
"best line" from experimental data. Ttxls %Qst line" graph was called the 
physiQ^al model, of the experiment. A mathematical equation, called the 
mathl^atical model, was then derived from the physical model. 

^ .In this parti-cular chapter linear physical models were discussed. The 

slope of a straight line was defined as ^^^^ 

run 

Three fpnns of a linear equation w^r^ devjsloped: 
• • (l) Equation of a line passing through the origin, . ^ 

y ='mx. ■ 

(2) The slope-intercept form of the equatfon qf a straight line, 

y = mx * b-, 

(3) IVie point -slope form of the equation of a straight Line, 

^ - a f * ' \ 

A relation was defined as a set of ordered pa^rs. 'the set of ^ all first 
elements of these ordered pairs is the domain of the relation and th^e set of 
all second eleii^^nts is the range of the relation. 

A set of ordered pairs, where each element in tfte dcanain appears in 
^exactly one ordered pair, defines a function* /, 



. • f 



Chapter 3 
TRAMPOLINES^AHD GASES 



3.1 "Introduction 



Many times, even though the data ;in an experiment is nonlinear in "char- 
acter, i# is possible to compute new data which is of a linear -type. S Hie 
following experiment on the trampoline is an example of this t;>'pe of, ex^eri-s. 
ment. . * ^\ 

•At one time or another you may^have had thfe opportunity to jump on a 
trampoline. If .so, you know what fun it can be. The '^springiness" of the . 
tran^oline permits you to execute flips ^nd turns not' possible un^er other 
circumstances. The question now is: Do you suppose it would be possible to 
make a mathematical ^analysis of your behavior 'on a trampoline? 

As with many other physical situations, .this on^ «eems much too difficult 
to handle. A person on a traracoline not only bounces from the canvas, he 
usually. Jumps at the same time to give his body extra height. He also twists 
his body and swings hi^ arms in a way that will iDroduce the maneuvers he* de- 
sires. All this is extreipely complex behavior. 

If we are to learn anything at all about a traraijoline, we must somehow, 
simplify matters considerably. Perhaps we could eventually learn about one's 
entire behavior on ^tr^nKJoline through a series t of experiment s*^ each one. 
designed to examine JRie aspe6t, and one aspect only, ot the entire situation. 



3-2 The Trampb],'ine Experiment ^ . * ♦ 

For our purpose a g-inch glass ball (marble) will be dropped on a minia^ 
tare home-made trampoline. We will carefully examine the way in which the^ 
ball bounces. There will be no flexing of one's legs or flailing of arms, 
"ijust a s^iraple bounce, bounce, bounce, ... on the trampoline. 

A suit^le trampoline is made by stretching ^ ten- or fifteen-cent bal- 

loori with its neck cut off over a9. or 10-inch pie plate. Th;is forms a highly 

stretched elastic membrane that serves beautifully as a trampoline for the 
glass ball, • - ' * ^ . 

After dropping the ball a few times oo the trampoline/from a height or* 
about 50 cm, the basic behavior of the ball is'cleaijly seen. The ball will 



bounce 25, to 30 titnes before finally coming to rest upon the" rubber membrane. 
With each bounce the ball will rise ♦to a maximum height that is somewhat less 
than the height to which it bounced previously. If this motion were to be 
"stretched out" sideways on a, flat surface, it would appear as shown in 



Figure 1. 



bounce number 0 
(point of release) 




bounce number 3 

bounce numl^er h 



Figure 1. Path of a bouncing ball 



Even witn the trampoline situation simplified to the pQint of .using a 
ball in place of a human being, the bouncing of 'the ball is still a rather 
complicated affair^ ^The "ball picks ap speed as it descends, makes a small 
din^jie in the trarapoline as it- "hits, and then flie^ upward with ever-dimin- 
ishing speed until it^ reaches the top of its bounce. and begins the sequence « 
ail over again. Affairs can be simplified still furtKer by fixing our atten- 
tion only upon tne maximum height to which the ball ascends with each bounce^ 

choose to Igrjcre the c;ondition of the ball at all other times. 
\ 

We have^sel^^ed for study a limited* part of the entire behavior of the 
bouncing ball. To what maximum height does the ball rise with each bounce? 
' As before, we will attempt* to list all variables which might conceivably 
influence these heights, .ancj then permit one and only one of these variables 



to change during the experiment. Cerfcj^nly t|ie height from .vhich the ball is 
dropped will influence the height to which the ball rebounds. The mass and 
Size of *the*fcall,itself may also influence the situation. And then of coarse 
the nature of the rubber membrane and how tightly it is stretched will also 
influence the maximum heights to which the ball bounces. Can you think of 
any other 'influences? ' i 

^ All of the va?:iabJLes mentioned can be; kept constant as the ball bounces 
-J- the height^from which the ball is dropped, the size and mass of the ball ■ 
and the condition of the trairpoline itself. And%et under these conditions 
the height to whi-ch the ball rebounds with each bounce still conges. What 
variable, then, influences this height? Jn case you^ve missed it up to now, 
it is^the number of bounces the ball ha,s taken. In other words, the maximum 
height to which^ the ball rises \fith each, bounce most certainly depends upon 
the number of bounces the ball has made. 

Hae experiment can now be designed'' in a way*that will permit us to make^ 
fairly accurate readings of the maximuin height of the ball with each bounce. 
This height can be read more easily and accurately by using a shadow of the 
ball rather than the ball itself. A l50r or 2CXD-watt bare bulb should be 
pladed four to six meters from the trampoline so that the shadow of ^ the ball 
will be cast in a nearly horizontal direc1;ion. The bulb should be placed at 
a height which is close to the middle of the bounce heights tjiat will be 
V recorded. •s 

The sha(fow of- the ball will be projected /on a, white card upon which a 
centimeter scale is drawn. The card should^"B^ placed directly behind irhe^. 
trampoline. ^The card should be as ^Ide as th^ pie plate and at least! 50 cm 
in height. The rulings should be drawn carefully across the entire card for 
each centimeter of height. Every fifth line should be^ drawn darker for 
easy reading, and marked. With this arrangement one should be able to read, 
the position of the top of the ball's shadow to r mm (one-tenth of a division). 
^ The entire experimental arrangement is shown in F^j|S^2. ^. ^ 
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Figure 2 



The pie plate must be accuratel;y *lev^l or the ball will bounce off the 

trampoline. Three small pieces of niodeling clay placed beneath the pie plate 

' will make this adjustment easier. Place the ball on the trampolin* and , 

adjust the pie plate until ^t he ball will noi roll off in any direction. ('A 

small bubble level could also be used.) A ring stand equipped with a buuette 

^ clamp is used for releasing the ball from a height of about 50 *cm. Be sure 

'*the clamp is rubber- covered, and then tighten it until it will just hold the 

ball. A slight push will now sepd it on its way. The position of the clamp 

over the trainpoline must b.e adjusted so tha't the ball will continue to bounce 
' » * • 

from the trampoline for at least ten bounces. Some final leveling of the 
pie plate may also be needed. 

Now we are ready to record data from the exIperimeniS . Label the' first 
column on your data sheet "bounce number (n)" and the second column "height 
in cm (h), trial 1". The first recorded bounce number will be number 0. 
Th€^ corresponding tieight willl be the height of the ball at the point from 
whlrch it is released. The initial position of the ball is found by observing 
tls(e shadow of the ba^l when it is sti}.^in tlje clamp. Be sure that the ball 
is^ in the position it o'ccupies just before it slips out of the 'clamp. If N 
only the ^bottom of the ball casts a shadow, observe this height and add the 
ball's diamete]^. - ' * 



Corresponding to bounce number 1 will be the maximum height of the ball 
" ^after the first bounce. Make four observations of the height of the first ' . 

bounce before /continuing* to the height readings of the second bounce. • Record 
'these four trials in columns 2 through 5. Starting with the ball at the same 
point of release, now let the ball bounce twice and laake four observations of 
'the second bounce height, fiiscard data obtained when the ^ball obviously takes 
a bad bounce. Also, do not begin to record data until the approximate ^height 
of rebound is known. In this way you will accimiulate four readings for each 
of 10 bounce numbers (see Figure 3). 

Average your four height readings for each of the 10 bounce numbers 
and place each avera^ge in column 6 of your data sheet. If your centimeter 
scale placed behind the trampoline rested upon the d6sk, you must now sub- 
tract the height of the trampoline above the desk from e^ch of these averages 
(and from'the release height) to obtain heights above the trampoline membrane. 
Place these "corrected heights" in ^column 7« -m*' 

The data function obtained now consists of the ordered pairs displayed 
' in columns 1 and 7» The f irfet elements of these pairs are the bounce numbers 
while the sebond elements are the maximum heights above the trampoline. Be- 
f(5re attempting to analyze the situation further, display these poirjts on a 
sheet of coordinate paper plotting bounce number (n) along the horizontal 
axis and height (h) along the vertical axis. The graph obtained should 
appear similar^o the graph shown in Figure 

• ' . ■ ^ ..^ 

r, 
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number 



(1) n 



, raE TRAMPOLINE 

Height in cm (h) 
t2) trial 1 (3) trial 2 (if), trial 3 (5) trial k 
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•height 
(6) h 



Corrected 
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(7) K. 



(8) 
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(obtained from shadow) 
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inch glass ball (marble) (diameter l.k cmj 
light source = k- meters distant * * 
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, . THE .TRAMPOLIME 
Height in cm (h) 
(3)- trial 2 iS) trial 3 (5) trial \ 



Average 
height 
(6) h 



. Corrected 
height 

(7) K ' 



(8) h 



n+l 



Calculated 
heights 



(obtained from shadow) 




/ 



(marble) (diameter lA cm) 
eters distant - ^ 



Figure 3 - , ' 
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3'3 FunctiSli of Tntegers 



The'fuiiction displayed 
in Figure % is a physical 
model of^thi experimental 
situation, for' it is 'noth- - 
ing more than a graph of . 
'the data function. It re- 
mains to find .a. suitable 
" mathematical model to 
represent the trampoline 
behavior. 

Did you draw a "best 
ciirve" through or- near the 
points? Ihis may have'^be- 
come a habit 'arising frpm " 
past experience. 

• In many experimental* 
situations, the drawing of 
a "best line" or curve is 
completely justified. ^ In 
these cases we could assume 
that values J.n the domain 
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Bounce Number . (n) ' 
Figure \ 



of' the function^ could have been selected which would yield corresponding 
titermediate values in the range of the function. ' / 

^- - - ■ 

The values in the domain of our trampoline inunction, however, are the 
so-called "bounce numbers". Can we have a bounce number. 2.6' for instance, 
, and will there then be a corresponding maximum height to which the ball bounces' 
Think about this question for a moment, and ^efer back to Figure 1 where 
the jgeneral behayior/ of a bouncing ball is indibated . ' . * ' 

Will you not agree that the peak heights to which the ball bounces from 
trampoline correspond only to the integers, and not to intermediate num- 
.erical values? The demain of our function includes only the integers 0, 1, 
' . 2», 3^ • y the r^nge of the function^ include^ positive real numbers 
which»are not necessarily integers. ' We choose to call this kind of rela- 
tionship a function of integers. . , * * 

• » If ^you fell into the trap* and drew a "best lin^" or curve through the 
points, that line must now be erased,, for it has no significance. * 
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^ There* are many examples of functions of integers bo^ in eve^y^y exper- 
ience, and in XormalizediphysiCal science* In most cases, -^he integers ere 
thought of as belonging in the domain of the function, but in certain cases 
the range of the function may also be Integers. The times of sunrise, sunset 
moonrise, and mop^^set for a gi-ven locale are fuficti6ns of integers (the d^y ' 
of the year). The thickness of a book depends upon the ^number of pages. The 
height of a building may be expressed as a function of the number of stories. 

_ Exercise 1 

1. Can your graph of bounce number (n) and bounce heigBt (il^ be used to ' 
interpolate values of th^ height for non-integral values of , the bounce 
number? Explain. 

2. ' Why can your (rr,h) relation ba referred to as a function? 

3* Do yoS think that the (n,h)'grapVi can be .e:ctended to find values of " 
the maximum bounce heights for bounce numbers greater than 10? If 
80, to what^value of n would you be wiiling to go? 

- ^ ' ' . . . : / 

Construct a graph that shows roughly the time of sunset for each day . 
of this week. 

... : ' - . ' 



3.^ Mathematical Tra^)oline Model * 

The tramrooline function is a function defined for bounce numbers (or 
integers) and presents a mathematical situation which differs from previous 
'situations. For this reason, the procedures we have usec^ before may be of 
little help to us £n this situation. We need a n^w procedure. 

^ As is so often the case, the hints we nfed to develop the mathematix;s 

of a particular experimental situation can be found from an analysis of the 

- \ - ■ . ■ 

experiment itself. In this case jneed to re-examine the Jjouncing from 

\ .' \' ' I ^ r . 

t]fie tram|)oline to give us clues as^to the mariner! in which the mathematics 

^ might dfevelop.* • ' ^ ' . 

The ball was released fronf a fixed heighli, bounced once, ijose to' a 
^maximum lie ight, bouncsd again J rebounded |to another maximum heighty arjd so 
on. We might well ask the_foilowing question:. What is tjae physical dis- 
tinc£ion between the first. bounce^ and the second, or betw^n.the se'c^nd 
■boxjnce and' .the third? "After the he'll bounced once, for example, we could 
have caught the ball at its maximum height and later released it at this 



' same height. This would, in a sense, start fhe experiment all over again, 
the only difference being that this time the ball would have been released 
at a lower height. . ■ ' ^ ' ' ' 

There must , then , be some relation between the height to f^hich the^ ball 
bounces ind the height to which it bourtced the time before.; Suppose*that the 
point of release, the size api mass of the ball, and the properties of the 
tratopoline are all h^ld fixed. It then seems reasonable to, assume further 
that » the height to which. the ball bounces d'epends only upon- the previous 
lounce height and. nothing else. Tr.e two preceding statements, are extremely 
important ones. In effeqt, th'ey constitute a hypothesis about the physical 
behavior of the bouncing ball, * ' 



1^ 



/ ^ 



Our search for a cathematical description o!" the bouncing ball can now 
'be concentrated in a single ^direction. We seek a relation J:etween successive 
boun9e heights. " 

^Before pursuing the .subject f^arther, it will be hBI^5i^*>4io.Mi«t.rK>dw^ey«««»f\ 
some new mathematical notation. Call the height to which the ball rises 
after counce^umber p, the height h^. Tne small subscript- 'is the bounce 
number coi^espondij^^to the height, and serves ,a3 a -reminder as to which of 
the maximum heights we refer. For example, h^ is the heig ht jfo r ^the zero"^^ 
botince (the point of release), h^ is the height corresponding to the Arst 
bouncfe, h^' is the height corresponding to the second bounce, and so on. 

The relation we wish to find cail^^w be restated using this notation. 
We seek the relation between h (any maximum bounce height corresponding 
to the bounce rn^ber n+l) and h^ (the he^ht of the previous bounce ) . In 




other words, thevjjeight of the 8th bounce, hg, depends upon the height of 
« the, 7th bounce^ h^f^ likewise the height of the 3rd bounce, h^, depends upon 

For these relations, n = 0, 1, 2, 3, 



the height of the 2nd bounce, h^. 



^Let us summarize the stat'e of affair^ at the ^moment. We. have already 
^obtained experimentajll'^^ a relation between. h^-*(the valJes in coljumn 7 of 
Figwe 3) and n (the values in column 1 of Figure 3)^ aind this relation, was 
disp;iayed on coordinate p^per (Figure k). We foun^ it po b^ a "function of 
lEffcegei^^*. Now, however, 'we wish to find .a new sq^ of ordered fail's. The 



- /'first element is h^ and the second element is h J.. For example, if n = 6,' 
i . ^ ^ n+l ^ ' ' 

:;%hen n+l = 7 and h^ is the height of^the 6th 'bounce and "h^ is the height of 

the 7th boiince. Tlje ordered -pair (J^j^^l^jj^i') wmld be (hg,h^) in this ^"example. 
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The relations- of . Figure k and the ordered pairs (h^, different, 
both are .part the saine ov.er-all problan. The second relation is tfie 



indicated by the ordered^a^fs shown below, 



(ho,h^) 
(^2^113) 

(hg,h^) 
(h^,ftg) 



stoce we Already have all the first elements in the above relation tabulated 
^n.^oluima 7. All ve need to do now is to, tabulate the second 'element in col-, 
umn 8 of Figure 3. Once this^ is done, ^jlot^ these ten points on k clean 'sheet 
of coordinate paper. Plot the vlilues of h^ along the horizontal axis, and 
the values of ^q^-^ along the vert*ical axis.- ' 

. Hie graph may surpi?se,^u. Don't you find that these poiiits, allowing 
for some experimental errors, are arrayed fairly well along a lirfe? A typical 
^result., is shown in Figure 5, ' • >^ 




r 



Did you draw a "best straight line" through the points? Perhaps not, 
for now you may be a little suspicio^os of such 'a^ proceddtu By drawing in 
^ the line we may be suggesting that there are 'fcaxlmuin 'oouiiice heights corr$s- 
'ponding CO any positive nuniber,' not just* to the integers. 

It is true that in our experiment there vere elevfen h 's and only 
.. . * n - ^ 

eleven, with no heights ir. between. Looked at more broadly, however, the 

^jplation^ shown ir. Fig'^e-^; is a relation between any bounce height and the 

one p2;eceding it. Tr.e height of the preceding 'oounce could have had any 

value, a value that would depend upon the height of the release point for 

the ball a?.c tne cH§?acteristics of the trampoline surface. Tnus tr^ ele-' 

ments io/^he dcsiair. of the relation (the h^ values) colild assaias any value, 

a niPcC^es ponding to tris valae there would be a c9rresponding elensent in 

the range of the relation {an h .). 

""1 t , 

"Filling ir. tre line", therefore, is a prooed'-ir.e<*that is ^justified in^ 
this situation. In case you did rx^t draw this line before, draw it now. ' Make 
sure ihat your best line passes tnrough the origin, for raost certainly a 
bounce hedlght of zero will produce a zero height on the next bounce. 

,5*ron: our best line we obtain the equation 

.n ' ■ h , = m • h 

where m is tne ceas^vLTsd slope of the line. There is an isroortant phyfeica]^ 

interpretation of tne slope of this line. If we solve for the slone t<D ' 

' '^n*l ' • , ^ ^ 

obtain m = -r — , we se§ that the slone is tne ratio of any maximum bounce 
hn ' » * ^ 

height to thfe height of the previous bounce. The value of this ratio (slope) 
will determine how quickly the successive bounces of the ball from the tram- 
poline /will, "die away" • . ^ ^ ^ 

We must rem^ber that in the above equation, the* value h^ has been 
determined by the experimental arrangement, h^ together with m, are the 
two constants we need to calculate any of the bounce heists corresponding 
to bounce numbers 1, 2, 3; • • 
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Each right-hand of an equation is obtained from the iright member of the 



preceding equation py multiplying by.m* The process can be repeated, there- 
fore, to give fa^^: ' . K 

^10 ^ = ^(^q) = ni^(nihy) = m^(mhg) = m^(mh 0 = m^(tnh|.) = m^(mh ) 

= m (mhg)" = m (mh^) = m^(mh^) ^ 

tfaart'is/ ' h^^ = ^^''^Q* 

Similarly, we can find all of the ten bounce heights once we know the two'^ 
constants m-.and h^. It is easy to see that a^s ingle equation can be 'Jtritten 
'Yo o"btain h^-^^ for any n: 



^n+1 n = 0, 1,,2, , 9 



To test whether-this equation is, in fact, as good as the previous ten equa- 
tions, we have (Wj^^o set n = 9-, for exaniDle, and find that h,^*= m'*^h-. 
For n = 3 ve ^uld ha/re = m h^ . Since n has ten values, we have ten" 
equations. 



^ ' The procedure we have \ised has^ turned out 1p. a most interesting way. 

We Started with the eguaiion h* : = m^h . This equation represents a linear 
^ „ • n+i n 

relation between h and h . The equation ve have now obtained is quite . ' 
n nrl ' . ^ 

different, for it contains bu"?"oTae h-value. It is an equation which expresses 

the relation between h and h , . It is certainly not a linear equation. It 

< n-ri 

is tfae^relation that we are seeking from the very beginning. J^e have ^-already 
graphed the experimental relation betweeJi n and h^_^^ (Figare k) and now we / 
. at long last have a mathematical mod^l^ Df it his relation* ^ 

. Use the equation '^^^^ = ^ ''^^ "to calculate !new values oif the heights » * 
corresponding to each bounce number and place these in column 9 of Figure 3. 
NoV p^ot these on youi* graph (similar to Figure k) and compare t^e Values 
predicted in this wa^sr.by our equation with the values obtained experiment a lly<^ 
The two sets of points should agree rather well. * 

['^* Let us assume h^ =127.7 cm and h. = 23. 0 cA, '^hen m = ^ = ^^'^ = " 
^ , 3 ' i^. > 27.7 cm 

0,830 where = me^s approximately equal.. As a resdlt we may take m ^,J!)*& 
' as ja Value for computation. Since h^ ^ 5O.O cm , ' ^ j * 

. ' ' '''^ . - , h^Q =^ (0.8)^^(50.0 cm); j 

h^Q = T0M)(50.0 cm) where (0.8)''-^ i 0,1 

therefore 'h^^ = 5.O cnf (calculated value) 



(^nly one consideration remains. In the experiment only 10 bounces were 

observed « We found' a mathematical expression that accurately describes the 

bounce heights that were obtained. Will our equation continue to describe 

the heights to which the bail ascends .a^ter 100 Wnces, 1000 bounces, or 

^VQft more? One does not hav^ to look' very far to find the answer. The ball 

will not continue' t© bounce indefinitely. Our equation must at some point 

cease to describe' the situation^ Physically we can lay blame on^the evar- 

. present friction between the ball and the traiq)oli^ne . The frictional forcfes 

* 

present bring the bouncing to a stop. 

We see that the^domain of bounce heights cannot be extended indefinitely^ 
roe domain i^icludes 10 bo^onces and no more. A new experiment would" have to 
be performed to cetennir.e whether our equation properly y^edicts the- behavior 
of the ball for a greater number of bounces. 



3'. 5 IBxperimental Extension 

t 

Jfow that an analysis of the trampoline f uncti>>iijia/ been made, -we must 
remember thH<^e Entire problem utilized the data obtained with the glass 
bait. We have not faced the question as to whether a different type of ball 
would give different results. It is nxDst interesting to replace the glass ^' 
ball^ with a nylon bearing of about the same size and repeat the experiment. 

Using fhe same experimental arrangement and procedure that wa^used 

before, adjust the level of the trampoline so that the nylon bearing will' 

continue to bounce from it for at least four or five times when released 

from a height of about 50 cm. Refcord the data' just as you did before, but 

o;i a new data sheet. When you graph the relation between h and h ' this. ' 

n n+1 

time, however, you will find the slope to be somewhat lower than it was for 

the glass ball. ^ * , ^ 

** • ' 

'The slope that Ts obtained is somehow a characteristic of the ball that 

is uaed, for one value is obtained for the nylon bill and another for the 

g3.ass ball. The difference >fn behavior for the tv|o balls is immedfately 

evident from^.the way they, bbunce oij the trampoline. The glass ball will 

continue to b6unce ^a vei*y; great number of:times (i,f it doesn't ^jump off the 

traD5)0line ) cqmpared to phe number of bounces for iiie nylonjbearing.^ . 

Be sure to plot the (n,h) data pairs 'for the ?glass ban on th^ same 
coordina.|e paper used to represent^ the data for the. nylon ball. Can-you 
now anticipate about, where , the points wd^ld fall W this gr^ph when * 
h^ ='50 cm and tfi = oA'^^m ^ O.^", *6t eveh.ra..* 0.^9?^ • 0^ 
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Exercise 2 



Bef erring to' your graph of the (h }^'^'\\) relation, what is the domain 
and range of the experimental data? What restrictions, if any would you 
place upon ygf domain and range of the mathematical equation found jtq 
represent the line? ^ , 



2. Suppose that 



n+1 



Sketch to the aame sdale a series of (n^h) points for h^ ^ 10^-50 aiad 
100. ' ^ . , 

Suppose that 



h , = m^-"^ 100 
n+1 



Sketch to the same scale a series of (n,h) po'ints for m = O.3, 0.6 and 

.A 

kl Make a possible interpretation of the significance of the equation 



r "n+1 - 

for the case n = -1 . 



(0.5) 



n+1 



100 



V 



5'. Why did the domain of the relation 

3 



^n+1 = ^0 



include the value n = 9 "and not n = 10 ? 



6. What is the physical unit of the quantity V in the. equation , 
* ' n+1 " ^ " 



h . - m" 
n+1 



7. Do you think 'it^ would be possible'^to find a value of m greai^er than 



or equal to 1 ? Explaiji, 



3.6 Gay-LussSi 



s 



SctLentists are often .prone to s 



ate their discoveries iin terms of "laws 



tethematicians, on 'th^ otner hand^ discover '*tfieorems" . me present experi- 
ment lias io do with gases apd gas pressures. The |)hysical|law that is in- 
volved is not important for our purpoaes, but .the mathematics that' stems 
from an analysis of the experiment. is. 



80 



^* The apparatus that will be used to investigate gas pressure is an 

extremely simple one. The equipment is shown in Figure 6. It 'consists 

of a- copper b^^lb connected through 
. a 'Small pipe^y^o'a pressure guage ' . • ^ ^ 

at the top. The system was* scaled 
. dff at a time when it contained 

ordinary' air at atmosplieric pres- 

^&ure. $he guage is numbered to 
, 'read pressure & pourfds per square 

inch. Tfce pressure reading corres- • 

ponds to the pressure -of the^ir 
. within the bulb, nothing else/ for 

tW-s air is completely sealed off 

from the outside air. * 

Whether you alVeady know about 
gas pressure or not does net *natter. 
In this experiment it will dimply 

be a number read from the guage. Figure 6 

, . If the pressure within the gas enclosed by 5ur apparatus *is to b^ 
measured, we must find some way to influence that prelsure before we can 
learn something of significance. Perhaps we can squeeze the copper cham- ^ 
ber. This ^xterfial pressure might catJ^' the pressure within the gag| to 
* ris'e. The^metal bulb^ however, is a fairly rigid* container and we would 
have to damage the bulb "before we could get a measurable pressure -change 
indicated on the guage. ^If we "were to change the temperature of the gas 
within the copper bulb, on the pther ^h^nd', the, change in temperature of 
'the igas^migh^ very well change the pressure within/the gas. Since. copper ' 
is a good co^uctor of heat, .the apparatus seems ideally suited for con- 
4 aucting heaT either into or but of the gas. I All nee'd to do is to 




lmmel*se the 
temperature 



bulb jtn Water, v/hatever the tjemperature of thej water, the 
o^ the gas inside 'will soon "be tfhe sdme. 



This, |then,As^the design for an jexperiment. For eacli temperature of 
the gas we will read a corresponding pressure. Wi may find as many ordered 
^pairs as we wish and the^ set we collect will then be a function. It is 
convenient to collect data at' about ten-degree ^tervals between 0°C and 
100°C. --A thermometer placed in the water ^Txtun^Ajig the bulb measures 
these* temperatures. The "C" stands "Qentigrade" re^jfdings/ and the 
'two extreme temperatures corresptmd to the freezing and^ boiling temperatures 



respectively, of water. This procedure gives us ten or eleven ordered pairs 
(C,P), that is, Centigrade temperature - pressure pairs. 

It is important to note that in this experiment, the gas is influenced 
only by the temperature, nothing else> For example the volume of the gas 
is held constaat-^Uii;oughout . It would "be difficult to change the volume 
even if we wished tor do so. Can you think of other possible influences 
upon the pressure of the gas? — 

Record the Centigrade temperatures ^ the first column of your data 
sheet' and the corresponding pressure reading's in the second. Be sure to 
label the pressure column with "p^mnds per square' inch", for this is the 
unit of pressure .read from the gauge^S^f you help coquet the experiment, 
be sure to estimate a reading to the AeA'est tenth of t^e smallest division, 
both on"^-tlTe thermometer and on the pressure gauge. If the s^ace between 
the smallest divisions on^the pressure gauge re^esents 2 poui:i^s peV square 
inch, a tenth of tl:\is division wll^l then represent 0.2^pounds per square 
inch. ,This tenth's rule is a good "rule-of -thumb" to follow. With prac- ' 
tice you will be able to make readings to the "nearest tenth" ii; most cases. 
Be suspicious, however, of a person who claims to be ^ble to read more 
.closely than this. ♦ ^ 

As always, we will want to graph our functiba. -before we fittetipt to, 
analyze it further. SiSle -the temperature readings are. elements in the 
domain of the function, and the corresponding collection of pressure 
readings constitute Jthe' range, plot Centigrade temperature along th<e hor- 
izontal scale and pressure in pounds perlsquare inch along the vertical 
scale. ''Select temperatur? and pressure scales that will make ttie graph 
as large as possible. Allowing for some inaccuracies in the data, we 
see that the points lie on or ne^r a straight line. When you draw'this 



line,, you are assuming that we^ might have 
mediate between tl^ose Icijually taken, and 
corresponding pressure readings. 



selected feny temperature irjter- 
that these would tiien deteymine.v^ 



Although the same data "is .used by everyone, the line that you draw 
to^represe^ the experimental function will most certainly not be the 
same line a ^ that dr^awn ^y someone else.* This ^s as it should be, for 
your judgment as to the "best" line will differ from his. 

\ 

^ ^ The ^raph of the relation .between temperature and pressure obtained 
wili look something- like, the graph shown in- Figure 7. , > 
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Thre' relationship shown has a special name Gay-Lussac*^ Law.'^Jn worc^s 
it canvbe stated as follows: For a gas held Qt -constant volume, the 
pressure of the gas varies linearly *with the temperature. 

Mattiematica|.ly, we have lekrned to Jxpress this linear relationshj.p 
In the following way: ^ I 

P j d = m(C - c) . ^ 

'In this expression/ c, d, and m are 'constant© that we can determine 
from the graph. • / , ^ 



^the experiment 



3.7 • Extendtrjg' the Temperature Domain 

The doi©ab of jOur linear function has been set by /{he conditions of 
The domain we have used is the set of all temperatures t 
in the interval! Q.;<*C < 100 . When'we predict a pressure corresponding 
to *an'arbitrarAy selected temperature within this inj/erval, the process 
is.on^ of . interpolation / If we attempt to predict a pressure that cor- 
'respotfdjs tq a tfemRer'Sture outside this interval at either end, the pro- 
cess is one of extrapolation . ' ^ » . ^ ^ ,x ^ 

^^^This experiien^ provides us with a gdlden opportunity for extrapol- 
ation. JJTotice that within the domain 0 < C < IdO, the pres^sure dimini,shes 
"linearly with a drop in t>ie temperature. Do yqu suppose it would be pos- 
sible to i;,educe the* temperature by such a- large value that the pressiire 
would actu|lly droij to' zero? Although you haVe no- way of knowing^ the 
proper response to this question, we can find th^ temperature at which 
the pressure wouid fall to zero IF the gas continues io behave in the . 
same manner in the. temperature^ region belo\^ O'^C; ^ Th^ ,"IF" here Is a 
very 1:>ig one. . - ' . . * 

Tb extrapolate graphically to lower temperatures Jthat is,^ to e^rtend 
the domain of the function), make a new plot on a'fresh sh^et oO^oordinate / J 
paper. The temperature ^cale -must span an interval ^of about •^iJ26^Q,^rom 
'.a negative 300®C cn the left to a positive lOO^C on. tJ^e right. »The vertical 
. scale of pressure must now extend upwards tixm a.^essure of 0 to. the maximum 
pressure previously obtaiii$^. Graph your original ordejred J)airs on this new 
sheet. Now draw. a line "through" these .point s.^^downward^nd td%th^ left until 
it intersects the horizontal ^xis . The/t^mpetature value of this point of 
intersection (pressure = 0)-,^il represent the temper.atur^ of the gas i>hat 



look something, »like^' the one" shown ia 



would, presumably, reduce* the gas pre ssure to zero^ tois new graph shoul-d 



Figure 8. 



. ^^^^ , w* 
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-300^0 



-2do^c 



lOO^C 



lOO^C 



Figure 8 



The "inagic" ten5>erature as determined with extreme care by research 
Chemists in-the^past is very near -273 C. If you obtained anything between 
-260 and -285 C your work has been excellent l Surprisinglj^^. some real gases 
almost behave in the manner suggested. It is almost, but not quite, legiti- 
mate to extend the temperature domain this far in these few cases. MDst 



gases liquify first, and if not, other effects come into pj^ay which make^ . 
low-ten^efature gases behave somewhat differently than high -temperature ones. 



Exercise 3 



The tabl^e below shows the speed of sound in air at various Fahrenheit 
tei^iperjatures . The absolute zero of teraperature on the Fahrenheit, scale is 



Temp.'('^F) 


-30 


-20 


0 


20 


50 


|8o 


' 110 


Speed '(ft /sec) ^ 


1030 


,1040 


1060 


1080 


1110 


4^' 


11*70 



(a) / Draw a graph showing the. relation between F and speed of sound (s). 

Make. temperature values the domain and ^let the origin. represent^* 
^ ' ; ''1000 on the vertical axis. - / • 

(b) Write- the equation for the relaticyi between IF and S. . ' ' *: 



2. The relation between •Centigrade an^ .Fahrenheit temperatures is expressed 
in the equation C = (F - 32). ' 

Write-tne equation obtained by reversing the variables. 

3. In an experiment on Gay-Lussac*s Lav, a student found that the pressure 
ofi^the gas was 7.5> Ib/sq in at 20®C and 9.5 Ib/sq in at lOO^C. 

<» (a) Graph the relation. ' 

(b) Write the equation representing the relation between the pressure 
(p) and the Centigrade temperature (t). 
♦ (c) /At ^'v^t temperature would the pressure of ihe gas be 8.% Ib/sq in? 
(d) What would be the pressure of the gas at^O^C? 



3»8 Graphical Transla'tion of Coordinate Axes 

A non-vertical line drawn, u^n coordinate paper always rejyresents some 
sort of linear function. The constants c, d and m in the point-slope rep- 
resentation locate the line. A second line will be described by different 
values of these constants. In other words, the fact that both lines really 
are just that lines --,is an important consideration. Do you suppose 
that 1jhe two lines^ really are the "_same" somehow? PerhapiWe Have nothing 

more than two mathematical deecriptions of* a single line. 
' ' . . ~ to 



For many purposes it is very useful to think of alll^nes that can be 
drawn as different: positions of a single line. It is'only the mathematical 
descript ion of the line that . differs . One point of view would be to think 
's^of'the line as inaving moved from one position to another with respect ' to the 
\Q6o^inatl axes. On the other hand, we may also think of ^ejgOprdinate axes 

as^avin^ shifted with respect to tt^e line. , Either viewpoTnt^is""^ good 6s 
, the other, jbut in the disctission that follows we. will atways ' consider motion 
of the coo|*dinate axes with respect to the graph of the '|f unction. 

We have, then^ ^'method for ^hanging the descri^ion of a ^line sim^iy^ 
'by moving the coordinate axes witPT respect;^t^that line,. - ^^^| 

An ^ X 11 - inch sheet Df l^rosted acetate provides an. excellent sUil^ace 
upon wljWra set of movable '*coordinate"hxes may- be drawn. , These", "frKjving" 
axes must carry ^t he same. scale as those on your coordinate paper. Whenr this ^ 
plastic sheet i^^laced upon a regular sheet "of coordinate paper that , carries 
^ gr^ph of some sqrt, the graph ^beneath is easily. seea through the frosted . 
acetate'.^ In fhis%ay the gVaph^c^^n^e readily itelated to. the "new" coordinate 



axes carried by the overlying plastic'*shee^>.._:C^se new axes may be positioned 
in any manner whatsoever. \ , * 

The sheet of frosted acetate, the coordinate paper and, graph, and the 
stack formed by the two are illustrated in Figure 9Ca), (b) and" (c). 
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v.Acetate sheet with axes. 



(a) ' V-t 



Coordinate paper and graph. 
4t 




Graph - viewed in relation to nqw 
' (c) 

I Figure''.9 



axes X and 



I 



Figure :5(c). shows the coordinate axes X arid Y. displaced upwai^d with respett 
to the origin of the graph beneath. The^frcjeted side of the acTetate is^ up, * 
fbr upon thisj surface pencil lines can be drawn which are easily eMsed.* 

&7 
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It must b'e realized that if we are to allow any kind of motion of the 
coordinate axes X and Y what^ever, th^s motioti might be rather complicated. 
Matters can'be sin^lified, however, by recognizing that- any, complex motion 
'may be broken into two parts. One of these parts is simple straight - line 
motion, and the second is rotation. In other words, the axes X and Y may be 
displaced along a line, rotated without straight-line motion, or a combination 
of these two ^types of motion may be used. Only straight-line, or linear, 
motion of these axes will be considered. This motion will keep horizontal 
lines horizpntal and vertical lines vertical. 

Tnere is one other important point to be made, ^ny motion of translation 
onjy can be considered as made up of two translations, one in the horizontal 
direction and one in the vertical. ^ 

^ Suppose we start with the X ai^d, Y ^xes on the plastic overlay coincident 
Kith the X and y ^xes on the sheet underneath. The use of the capital letters 
X and Y on the overlay will help us* to remember that these represent the axes 
that are moved, or "translated". When* the sev axes are "^ranslated, the entire 
plastic sheet moves horizontally and vertically and is hpt rotated. The X 
axis must always remain parallel to the original x axis, and the Y axis must 
always remain parallel to the 'original y axis. It is a simple mattej- to 
guarantee that no rotation has been involved in the motion of the axes .by 

maintaining the X ajid Y axes at. all times parallel to the ruled 'lines ihe 

^ ' ' * • ' / ' 

coordinate paper underne'ath. 

* Figure 9(c) suggests one of the many, ways in which the coordinate ax§s 
may be shifted.- The axes have been- moved upward until the new orig?.n is 
coincident with the^ original ynintercept. Using this^new position TJf the 
axes, the equation of the line would now be of the form Y = mX, where before 
it was of the .form y - d = m(x -.jc)» Notice that the slope of a line never 
cha^l^e^ as the axes are translated. - This is, an extremely important feature 
b#*a linear' translation a feature that is not to be found when coordinate 
axes are rotated. 

The central idea underlying the concept of the translation of axes is 
* , ''^/ ' ^ 

singly tiiis: lEt makes no-^real difference where the coordinate axes ar^e placed 

on a. sheet of coordinate paper, for they may always' be moved ^o a new position 

through horizontal ,irbtion, vertical motitin, or both. The placement of axes. 

*is a purely arbitrary matter, and in practice, tl:;ey are placed in one position 

or another strictly as/a matter of convenience. A given physical situation 

usually suggests a -"r^^Ural^' location for these axes. 



^ We now wish to translate the axes for a particular physical situation, 
namely, that of the Gay-Lussac's Lay^experime^t, j^efer to your own graph" of 
the tenjp'erature - p>ressure relatioi^ similar to that shown in Figure 8. It 
is iii?)Clttant to realize that Figure 8 shows the horizontal axis, but not the 
veartical axist The vertical line at 4;he left side ie merely a pressure scale, 
and not an axis. 

If we now wish to translate these Coordinate axes, one 'cd^ld well ask: 
Where do we move them and why? There seem to be two logical possibilijties , 
We might nov^ the origin either to the point wliere the graph intersects the 
(old) y-axis, or to the point where it intersects the (old) x-axis. The first 
intercept' corresponds to the O^C point, while the second corresponds to the 
zero pressure point. The teii5)eratur9 can fall below 0°C but the pressure 
•cannot fall below zerg. This fact seems to make the horizontal axis intercept 
^ (zero pressure) the more interesting of the two. 

- Bie desired translation of the ax^, then, is indicated, in Figure 10. 




X^200°c ^ -lCO°c 

, Temperature 



100°C 



Figure 10 

In the figure, the two heavy dots represent the initial and i'inal position of / 
the axes* x and y label the initial positions of the axes, and'X and Y label 
the translated axes. Ihe dashed lines indicate -fefiie extent of your original 
graph. , . • , ' - 
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It^ija important to realize that both coordinate axes have been shifted 
here. One might be tempted to say that only the vertical axis has moved . 
since the horizontal axis 'remains the same. This is not true because the 
movement of *the horizontal axis carries with it the zero point which must"^ 
always lie at the origin. Scales are not shown along the new axes <n Figure 
10, but (0,0) must lie at ^he intersection of the translated* axes X and Y. ' 
In short, there is no such thing as translating one axis without translating 
the other. • ' 

For the translated axes in this example, we, have established a new zero 
for. a 'temperature scale located at the new origin. The zero of pressure has 
remained unchanged. .The new zero of ten^jerature is the temperature at which 
the pressure in a gas would also be zero. This new temperature scale is so " 
important in both chemistry and physics that.it is given a new, name, the 
Absolute temperature scale. OJemperatures in this scale are indicated by 

O * •a 

writi/ig K. As indicated previously, this point on the Centigrade scale 
falls approximately at -273°C.' Since the size of an Absolute degree is the 
sflme "es the size of a Centigrade degree, we'find a simple relation between • 
°C and ^K, namely ^C +*273 = ^K. 

^ ' / ' ; ' ^ ' 

To summarize, we have found that the translation of coordinate axes may 

be accon^slished easily using a transparent overlay of jprosted acetate. The 

new axed may be place^-anyschere so lon^as.l^e translated axes remain paral- 

Lei to t-heir original position 'at all times. With the axes i*n any new 

position, the graph may easiiy be interpreted wi-th respect to the shifted^ 

axes^to arrive at a new description of the grapji. This is done visually 

without fuss or bother. We see that in -this way of' doing things, it is only 

the mathematical des^riptian of the graph that changes as the axes are trans- 

lated, not the graph itself . ' * . 

. ' , • --si 



Exerc 



1* Find the load-position graplri that you drew ifi the Loaded Beam experiment 
Using Q sheet of ffosted acetate that carries coordinate axes X and Y, 
translate the origin on the overlay to the y-intercept on your graph. . 
What is the equation of. your ^'best" straight line with respect to the 
] > shifted axes? . ^ . ^ ; . 

% 

2. How could you perform the Loaded Beam experiment to obtain the equation 
t * ' found in Exercise 1 directly? 



Vray the line in the first quadrant that contains the point (2,3) and 
1 

whose slope is ^. Use your plastic overlay to obtain the new equations 
of this line when the origin is shifted * 

(a) to the y- intercept; / ' ~ ^ 

(b) to the left 3 wits; 

(c) » to the right k units and up 3 units.. 

laraw the line in the first ^quadrant \hich contains the points (1,7) "and ^ 
(7^5)* Use your plastic overlay to obtain the new equations of this 
line when the origin is shifted > * 

(a) to the x-intercept; v 

(b) to the y- intercept; 

(c) to the point (^,6). 



3*9 Algebraic Translatioft of Coordinate Axes " 

Althoogh the mathematical description of. a graph may be obtained easily 
by the^ graphical jtrocedure described in the preceding section, it is also 
desirable to be able to describe a graph after the axes have been transi^ated 
without 2?fesorting .'fee the analysis of the graph itself. , 



/ 



We will discuss linear funcj^ions onl^i^, and for Ihis pu:^pse we will use 
the so-called point-slope representation' of a line. 

First it will be shown that the ^int-slope representation of a line 
can be considered as one in which the coordinate axes have already been trans- 
lated in both the horizontal and vertical directions. 

I ^ ' ' 

Suppose we start with a line tliat runs through the origin as in Figure 11. 
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Figure 11 
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Let us now translate the coordinate axes x and y both to the left and downward. 
These shifted axes are denoted, as before, X and Y. Thi^ translation is shown 
in Figure 1^. . ^ • ' • . 



Figure 12 
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g Since the point (c,d) is a partic'ular point o"n the line, we can now 
describe the line in the familiar point-plope form a? 



Y <3 = m(X - c). 



But if we now write 'this same expression in slightly different form 

' y Y + (-d) = m[X + (-c)] ■ : (1) 

we may^ draw a remarkable cpnclusion. Sincfe the quantities in ^fi^rentheses 
are the horizontal and vertical translaiiion distances, this equation tells 
us what the point- slope representation of a line is by setting the Y-coor- 
dinate plus the vertical translation equal to the slope of the line times, 
the quantity^ X-coordinate plus the horizontal translation* The transla- 
tions involved are those that carj:y the origin from a point on the line 
to a ppitit off the line. 

Equation (l) is perfectly general, for we could just as^well haye 
moved the origin ftom any point to an^ other point. . Consider' a second 
translation of the axes as inflicated in Figure l4. . 




» * ^ Figure 1^4>' ^ 

This time let the horizontal translalftlon be designated ^ and the vertical ^ 
translation be the symbol k. * B6th of these quantities as shown in Figure Ik 
are positive. Since this is a second translation, aH we have to do is add 
this second horizontal translation to thd first one, and add this second 
* vertical translation to the jTirst vertical translation. Doing this gives us 



Y +, (-d) + k = m[X + (-c) +-h]. 



Notipe that <\Equat ion (2) is of ,exactly the* same fornr as Equation^^). In 
both.«case6**we have*' . /*» > 

• (vertical' trflmsletion) = 'm[X + (horizontal translation)]. ' 



In each case the translations ar^ the total vertical and hQrizontal^ transla 
tions starting^with the "origin of the coordinate axes on the line, , 



Equation (2) can now be use<^ to represent "Ehe new Araathema^ical, de scrip 
tion of a' line that results from a tranelatioi? of axes from any previous 
pointr whatsoever. If, the Qrdginal description of the line was. 

Y - d = m(X - c), Equation (2) gives the new expression using'the two* ol-d" 
constants c and d and, an addition, inserting two new ones h and k lo rep- 
resent the hopAzontal and vertical translation distances respectively. 

• oThis final EquaHon (2) represent^s analytically the same new descrip- 
tion of a liae that was previously obtained using grapjni^l analysis with 
the frosted acetate sheet. ^ _ 

» Exercise 5 
' • f— ^ 

1. ^When we extended thp temperature domain for the Gay-Lussac* s 'Law ' 

experiment, we found ^h at the graph intercepted tHe temperature-.axi^ 
* near the (r273vO) point. Algebraic^ily translate the^origin of your 
graph to this ^intercep^:. Write the new equation of the line. What* 
are the new, units of temperature, pressure, and the slope of xhe line? 

4 o 

2. Draw the line in th$ first quadrant that contains the point (2,3) and' 
whose slope is -g. Write the equation ^f this line in point-slope 

> ' form. Obtain the ecjtfction of this^ line algebraically wheii the ocigin- 

V . jhas ^been' translated , i ^ 

A (9)"*td*the y-intercept; ^ . * • * . 

^ (b) to the left 3 units; ^ ' . ^ - ' ^ 

(c) 'to the right k units and up 3 units. * ' ^ - ^ ^ 

Compare your results to those obtained graphically in Exercise 3 of ^ 
the previous section. 

3; prax the line;. in th« /irst quadrant- which contains the points (1,7) 
6nd (7>5). Wrj/te the Equation of this line 'in point-slbp.e form. 
Obtain the equation of' this line algebraically when the origin has^ 
been translated , ^ ' . , 

(a) to the X- inter cepV; t ^ ^ ^ 

f(b) to the y-ititerc$pt 

(c) to the poipt (4,6^. * ' » 

Compare yoi^ results to those obtained graphicajjy in Exercise; ^4 ^ 
of t^he previous section, " - - 



3*10 Summary^ • ' _ ^ • . . • . 

In this chapter we considered the prolDlan of det^iminlng the "behavior^ 
of an object "bovmcing on a trampoline. M experimental trampoline yas set * 
' up, consisting of jbl marljle bovmcing' on a-halloon stretched^over a pie pl^te. 
j' Jhe heigh.ts- of the sucqessive hoxinQes.were a function of the "bounce number 
and, thus, were an example of a* function defined onj^ on the integers. 

. The data ^ich^esulted tvcm this experiment did ^otv exhibit a li-near 
*^ . relationship, hut we found that, the graph of t^e ^height of a .bounce plotted , 
^ * against th^, height of the previous bounce' was linear. • , 

' . Next, ;te considered the experimental relation between the temperature 

- . ' . *«, ' \ ' ' ' ' 

V -of % ^as aha its pressure. This data also gave, a linear relation. We con- 

sid^ri^ the 'possibility of extrapolating this linear relation to temperatures 
"l)^low those actually used ^nd found that there was a limit below which we 
V ^ could not go without reaching negative pressjir^. "Hie resulting linear re- 
lation cou34.bi, simplified by changing the position of the .coordinate axes. 

The chapter .\closed with a discufision of the geometric and algebraic 
• properties of translations. — ' • ^ , ' 



' ^Appendix A ' 

GRAPHING EXPERIMENTAL DATA 



A.l The Location of Points in /a Plane , ^ " ' ^ 

• There- are a great many instances where a certain place can be located . 
l)y the us,e of pairs of numbers. Road maps frequently are"* divided intp *small 
blocks by *a 'series of horiz ontal and vertical lines {Figure l). The vertical 
lines are then designateS by 'the numbers ^and the horizTontQl' lines by letters. 
A motorist can then locate a certain city by referring to a table which will 













J 




A / 
























3 












2 


cs-^ > 

B 




D 


E V 



Figure 1 



^ 







□ 


□ 


□ 


□ 




□ 


□ 






□ 


□ 






□ 






□ , 


□ 


□ 




□ 






1 - 


□ 

2 


□ 

3 


q" 

1^ 


5 



tell him 'that th^ citj^ 
(approximately) s\t the inter- 
section of*»'aine D" and "line 
5". . Theatre tickets have the 
row number and seat number 
printed" on them so a per^n 
can find his seat. 




'A convenient we^ of refer- 
ring to ja particular seat in a 
classroom where the chairs are 
located in rows is based on ^ 
assigning numbers to each (^hair'. 
A familiar pattern for seating 
*in a, classroom involves'^five Aws 
of sisx chairs each (figure 2). ' 
We can refer to a pajtticular 
seat by naming the row and then 
the chair number in the row. 
'In our diagram wqf show five \ * 
rows ar^d seats one. through six 
' in each row.. .S^eij^sA>dB "row 2^ 
seat 5" while seat 'B is "row 5, 
seat 2". If^we agree to l«f er - 
to a particular seat by fir^t^ 
naming the row and then the 



Figure 2 ' • ' 

•chair number in the row, seat A can be indicated' as seat (2,5) while seat B 
- would l>e seat (5,2). . ' . ' < ^ • " 

• . Each of these pairs of numbers is -called an ordere^^gir.^ ,Two numbers 

are needed to locate the -particular seat, and , the order of reporting the two 
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Number of Protractors 
Needed in Class 



numbers ia extremely important . What ordered pairs ^ould you associate with 
^points C',' D, i) and F in Figure 2? « ♦ 

In newspapers and magazines, as well as in textbooks, a graph of the 
type shown in Figure 3 is often used to present data. 

In collecting the data, 
for this graph you would have 
to use pairs of numbers, one 
number for the ro,w, and one 
for the- number of protractors 
needed. If we agree to state 
these two numbers in a cer- 
tain order, such as (row num- 
ber, number of protractors) 
we can represent our data as 
a set of ordered pairs; ((1,4), 
. (2,3), (3,6), (k,2), (5,5)). 
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This notation Using braces 1 2 3 k 
('{) ) is formal -mathematics ^ Row Number 
notation for a set of ordered 
pairs'. 'You probably would not 
record the information-ln this manner, however. MDSt likely you would slinply 
-make ..a^table^ like t he ope shown below. , , . . 



Figure 3 



Row Numbers 


^. 1 


2 


3 


y 


5 


Number of 
Protractors 


1+ 


3 < 


6 


2, 


. 5 



In either case you have collected dalfa and recorded it as ordered pairs. 

A barograph, such as that shown in Figure 3 is very useful for presen- 
ting numerical information 
in a clear and coropact way, 
but thQ **bars" In this 
graph are not really nec- 
^essary. We could just as 
well use dots on a pheet 
of graph paper to repre-. 
sent our ordered pairs . 
(Figure 4.) 
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^Scientists' often 'make-a graph of the observations obtained through exuer- 
*^ imentation.^ In' -the fi-x'st chapter you were asked to complete the following 

table (isfercise l) fbr a se6saw experiment . All of the d^ta is given in this 
* table*. • ,'/ 



Mass 1 


■ 12 


2 


V 




16 


■ 6 


— : 

3 


Distance ' 


; 1+ 


2k 


6 ■ 


2 


3 


"8 


16 



Anothei: way'of Idfitinj^ this data" is in set notation: {(\2,k), {2,'2h), 
(8,6), (2>,2), (16,3), (6,^), (3;l6)).^ This set of ordered pairs can be 
graphed in the same way as the previous example. We again use a piec6xr>f 
graph pfeper ar)d begin with two perpendicular lines called axes, We .can' 
label the horizontrfl axis "ma'ss in grams"^nd the^ vertical axis '"distanc^e 
in cm". 
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Figure 6 

As we have seen, a set of ordered pairs of numbers can be represented by% 
a graph. Each ^oint on the graph represents one member of the set of oiNiSered 
I^airs. For exanqple, point A in Figure 5 could be represented by either the" 
pair (2,^) or the pair {h,2). /As you have probably noted, we needed to make* 
some decision as to the meaning of each member of the pair. The individual 
•numbers of the. ordered pair are called the coordinates of the p0int. The 
mem^D^-r.of the drdered pair whicfi indicates how far to the right of the zero 
point the point is located is called tl^e horizontal coordinate of the point. 
The^ member of the ordered pair which indicates how far above the horizo.ntal 
axis 'the point i's located is called the vertical coordinate of th^ point. 

It is common practice in preparing graphs, to arrange ordered pairs so ^ 
that the ^irst member of the pair represents the horizontal coordinate and 
the second member represents >^he vertical coordinate . ' Using this convention, 
point A 'in Figure 6 wilj ^ave as its coordinates the .oi ;jlfered pair (2,^) 
rather than {H,2). Point B ta described by the ordered. pair (1,7). Can you 
write the coordinat.es of ' points C,^D and E?' • , . 
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Exercise 1 

Write the ordered pairs "bf numbers which are associated with the points 
A through F in the figure below. 

10- . ' .. * 

. • 9. . 

• « 8- • • E ' • 

t , . * . » •. ' 

* • ^ . . . • 

3- ^ 
2- • B _ , ' ' ' • F 

♦ 1- • c 1 



I , I i » I 



! i I — r- 



0 1' 23 ^56789 10 



12 



- 2/^ Graph, the following sets of ordered ^irs the same sheet of graph 
paper. ' 

. . ■ (a) {(0,.0)-, (1,1^ (2,2), (3,3), (^^)' (5,5)}^'' • ^ 

(b) {(0,0), (1,2), (2,4), (3,6), {k,8), (5,10)} ^ '\ 

■ (c) {(0,0)', (1,3), (a,6)y%3,9); (^^,12), (5,15)} 
* (d) 



:(0,0), (1,|), (2^1)^^ (3a|), (1^,2),J5,2|)). - 
(e)/ {(0,0), (iTD. (2,i^),y(3^9l, (^^,16), (5,25)} > 
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Make a set of at least five ordered p^iirs to. satisfy the following 
conditions. ' ' \ ^ 

(a) The ordered pairs for vhich the vertical coordinate is 6 times , 
the horizontal coordinate.. ' • * . . 

(Id)* The ordered pairs for yhich the vertical coordinate is 3 times ^ 
the horizontal coordinate*«^,^ . , ^ 

(c) Tl^ie ordered pairs for which the vertical coordinate is 2 mare 
than twice the horizontal coordinate. 

(d) "nie ordered pairg for which the Vertical coordinate is the^ 
square root of the horizontal coordinate. , •> 

(e) The ordered pairs for which the vertical coordinate is the , 
' ' cube of the horizontal poordinate. , 
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Mak6 a graph of the data recorded in each .of the tables below. Xn each 
case, the top row indicates, «he hori;:ontal coordinates ^ and the bottom 
row the vertical ctjordinates . Be sure to label the ax6« correctly 
(refer to Figure § in text). ' 



(a) 

.(c)' . 



Time (sec)^ 


0 


1 
2 


1 


4 


•2 


2 


Speed (meters /sec) 


0 


. 1 

2 


2 


i 


8 


18. 





pi^ance of object ^(cm) 



Distance of ^ image \cm) 



30 



15 



iO 



10. 



Weight in oz 



Cost in cents 



4 



4- 
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' Appendix B 
SCIENTIFIC NoAtION 



B.L Bases and Exponents 

Many of tlie ^measurements in the physical sciences yield numbers which ^ 
are either extremely large or, extremely small. For example, the speed of 
light is approximately 300,000,000 meters per sepond, and the radius of the 
helium atom nucleus is appr6ximately 0.0000000000002^4- cm. ' Some method of 
writing such numbers is needed which .will make it relatively easy to ,con5)are 
and worlc with these numbers. To introduce puch a system* it is important 
that we first develop the necessary concepts and symbols.^ 

The iiumber 625 can be represented as the product of foilr fiv4s, that is 

"625 = ^ X 5 X 5* X..5 . 

It is often convenient to think of 625 as "four fives multiplied together", 

but this type of notation is somewhat ijicor^venient because it is, so lengthy. 

' * ' ' ' ' ' 2 

'You probably already know that 3 x 3'*can be written as 3 (three S'quared), 

a • • 

The "3" 'indicates that we are going to'multiply 3's together, and tKfe ",2" 

that we are going to multiply two of them.. If we extend, this notation t\ 

^ it ' • \ 

a product 6u€h as 5x5x5^5 we can writre it as 5' . The "5" means that V« 

we are going to multiply 5*s together, and the*"4" means t^liat we are going 

to multiply four of them. Numbers written in this manner are 'called powers. 

For dxample, 5 is the fourth power of five* In a similar manr^er 9'^, the - 

<^cube of 9, means 9 x 9-x 9> and 10^, the fi^th^^ow^ of 10, means 

10 X 10' X '10 X ^ X 10. 

' In an expression like 5 , the number which is to be multiplied (in this 

to * ' 

case, "5") is called the base ; .ptji^ "4" which indicated how many 5*a we are 

gcnng to multi]^ly is called 6n exponent. In/9 the base Is "9" and the 

' exponent is 'Nj^'. HoV can you write the* expression 2x2x2x2x2 using 

^^onent's? What is %he base? ^ What is the exponent? How would you read 

such a number? a - * ' 

• • > • ' -7 " • 

The number 288 can be written as 2x2x2x2x2x3x3. Using the 
• * 
associative property of' multiplication, 

288 = (2 X 2 X 2 X^.2 X 2) X (3 x 3) 

♦ or dn exp<^nent form * ^ . \ 

288 = 3^.' 

This expression would be read as "two to the fifth power times sthfee squared 

■• ^' ^ V 103 . • . 

. ■ - Ill- . - 



^ Exeycise X -^^--i 

• ' For each of the following, indicate 'the base and the exponent. 
^\a) 63 ' _ (d) ^2 

(b) 10^ (e) 

(c) 5® • • . (f ) x5 

Using exponents, write each of the following in "briefer form. 

' ,(a) 3 x.3'X 3 X 3 . 

(b) io X 10 X 10 ' 

(c) 3 X 3 X ^ X 5 X 5 

(^) 5tXj x-2 X 2 X 3 x 5 
(e)"*'1.25 x'lO X 10 X 10 

What is the value of each of the following? 





(a) 


3^ 


(e) 


10^ 


\ 


• (b) 




(f) 






•(c) 


9^ - 


(g^ 


33 i 22 



■ (d) 5^ 

In problems 4-7; tell which statements are true and which are false. 
Exfittaple: " > 

2^ + 3"^ =.5^ '7 /\ * 

2^ + 3,"^ = (2 ^ 2 X 2) + (3 X 3 X 3) 
= 8 + 27 . 
= 35 , 

5^ = 5x5x5 ^ ^ ' ^ 

' = 125 . ' . J ' 

35 is not equal to Ig5, hence the equation is fal6e > 

4. .23 x-3^ = 6^ _ . ^ . ■ 

5. 23 X 23 = 2^ 

6. 3 X 33 = 93 

7. 2^ - $3-= 2^ 
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B.2 Powers of Ten 



Our decimal system of writing numerals is based -on the number ten. 

>- / 

Starting at the units place, each pla6e -Jo the left has. a value ten times 
as large ^as the place to the right. * • . , 



Hundred thousands 


Ten thousands 


Ihousands 


Hundreds , 


Tens 


Units 


10X10X10X10X10 


10X10X10X10 


10X10X10 


10X1*0 


10 


. 1 



Ibese numbers can be written using Exponents: ' - 

100,000 = 10 X 10 X 10 X 10 X 10 = 10^ 

10,-000 = 10 X 10 X 10 X 10 ± 10^ 

1,000 •= * 10 X 10 X 10 = 10^ 

100 = . 10 X 10 =10 

10 = ' ' 10 = lO"'" * 

In the above table each succeeding number is of the previous number, and 
thus each exponent' is ^ne less than the previous one. In order to complete 
the table the next number should be 1 and the next exponential form should 

9. ' ' . ^ 

This pattern repeats itself for powers dther than powers of ten. 



be 10^. 





Powers of two 






Powers of three 




A 


f overs of four" 






l6 


= 2X2X2X2 = 

i 


2' 


81 


= 3x3x3x3 = 


3*^ 


256 


=4x4x4x4 




4*^ 


8 


2 X 2 >^ 2 ^ = 




27. 


•= 3 X 3 X 3 = 


33 


6h 


4x4x4 




43- 


h 


v2X.2 


2^ 


9 


3x3 


3^ 


16 


4x4 . 




42 


2 


= . . 2 


2^ 


3 


3 ' 


3^ 


h 


= , 4 




4^ 




Each number is i 






Each number is ^ 






Each number is 


1 






of the previous 






of the previous , 






of the previous 






number. 






number.' 






■ number. , 







In each case the next number will be 1, and the next exponential form 
will be the common base with a zero exponent. 



2° = ! 



V^^m this we can make th€f following definition: 
For every number^ B not equal to zero 



.B° = 1 . 



4° = 1 



The expression 0 i^^callfi^. an indeterminant form and has no meaning. 
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B,3 Negative Exponents 

We dan also use exponents to express numbers which are l^ss than one,. 
In particular, we can express decimal f>'actions in terms of powerl^ of ten. 



10 - lol X 
^i. ^ ^ - ' 



etc. 



8ii3?>lify these expressions we are forced to make another 
definition. In mathematics we usually write a fraction which has some power 
of a number in the denominator in terms of a "negative" exponent. 



— = B ^ (B not equal to zero) 
IT 



In this way -i- becomes lO""^; -itn is lO"^, etc. Zero with a'«*negativ€ 

10^ 10^ ^ - ' , 

exponent impliesydivision zero which is not defined. 

In & later course, when you study the various^ operations which can^be 
performed with exponents, you will learn how these definitions 'have come 
about. ' ^ ' 

B.k Scientific Notation 

Scientists hive used the Cpe of notatiqn introduced in the pi'evious 
sections .to develop a method ofyritlng extremely large or expremely small 
cumbers. This. method is called scientific notation, and allows us to expre^ 
numbers as the product of a number between one and ten and some power of ten* 
If you think back to the relation between multiplying or dividing by ten and . 
use your knowledge of the decimal system, you will be able to see^how the 
I^roduct of some integral power of. ten with a number betwe.eu gxie and ten can' 
be used to. represent anynumber. . . - • * 

1.23 X 10 X 10 =. 123 = I'Syx 10^ if'' ' ' • 

1.23 X x6 X io X 10 = 1230'= 1.23 X 10^ ' 



^IJow try the follcwtng^problems:' 



1.23 X T^r = .123 = 1.23 X lO'-^ 
1.23 Xrr^ = .0123 =.1.23 X 10'^ 



, ■ * 1.23 X ^ = .001^3 = 1.23 X io"2 • 

These examples and problems lead us to the following general rule. 

Let a number be given in decimal form, and suppose we wish to 
multiply tbis number by ^ome power of 10. To do this we merely need • 
to move the decimal point the same number of places as the exponen;t 
qf 10; to the right for positive exponents, and to the left for neg- 
ative ' exponents . -jjfi^ 

We can use'vbats,we have just learned to simplify measui-ements such as 
'those mentioned in Section B.l . For, example, the speed of light is approx- 
imately 300,000,000 meters per second. This can be written as 

' * 3 X "100,000,000 meters per second 

or, using exponents, 

3 X 10 meters per second . 
The radius of the nucleus of the helium atom is approximately 

#" 

0.0000000000002^^ cm 

which can b^, written as * 

"^'^ 2.4 X .0000000000001 cm 



whioJi equals 



2.k X 10'"^^cm 



This type of operation is called expressing measuremehts ^n scientific 
notation'. Here are some exafnples . Notice that in each ,ease the measurements 
are expressed as some number between one and ten multiplied by some power of 
ten. Notice also that when you write a number in scientific notation, the 
exponent of ten will be positive if^he number* is larger than ten, or negative 
if the number is smaller than one. The s^.^e of the exponent is the number of 
places the decimal point must be moved to bring it directly after the first 
nonzero difeit. / - ^ « ^ L ^ 



' 25iiO mm = 2.5i+0 X 1000 ram = 2.5^0 X lO*^ 'mm 



93^000,000 miles = 9-3 X 10',000,^000 miles = 9-3 X lo'^ miles 

p 

0.0683 meters = 6.83 X 0.01 meters = 6.83 X 10^ meters. \ ' 
0^00008215 inches = 8.215 X 0.00001 inches = 8.215 X 16'^ inches 
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Example. 1: Write 978.23 in scientific notation. 

change the number 978.23 to 9.7823'(a number between one and, ten) 

/"the 'decimal place taust b6 moved two places to the left. To restore 

'9.jS23'to the original form would require moving the decimal point two 

places to ,the right. Ve have found that this can be done by multiplying 

2 " « * f' . 

by 10 . V Therefor^ we can .make* tfie statement: „ 

' .978.23=9.7823x10^*. ' 

' ,r 4 ^ * 

vExample 2r''Wrlte 0.0p3^ in scientific notation. ^ ' ' ■ 

To change 0,003^ to 3.^ (a , number between one and teA) the .decimal 
point must be moved threjs places to the right. To cbange 3.^ to its 
original form would require moving the decimal poirjt three ^lac'^s to 
the left. We have found that that can be done by muHiplying by 10 ^. 
Therefore * ^' . . o • 

* 0.003^/ = 3.i^ x' lo"-^ 

• • Exercise 2 

I^. ... Perform the indicated multiplications mentally ^nd write your answers. 
Examplfe: 26.3 X 10^^ =..26^ 



(a) 259.^ X 10 = ^jjSn^ Vj^ ' '"'1^^ ^ 

(b) 3.258 X 10^ = (fj (g) .0031 X 10^ = 

(c) .023.x 10^ ;= T) (h) 29.35x10"^- 

(d) ' 35.68 X 10'-^ = V (i) 3.95 X 10"^ ' = 

(e) 358.2 X 10'^/' = V (j) 3.05 X 10^ = 

Express these measurements in scientific notation. ^ 

(a) There are more than ^4-, 500,000 red corpuscles per cubic mm of bl6od. 

(b) and (c) If a given sample of tnaterial contains 2,000,000 atoms of 

^238 196^> ^^^^ sample will contain 250,000 atoms of U^^g 

in the year 13,500,001,9614-. (Write the numbers, of atoms in scien-*^ 
tific notation. ) 

(d) The normal concentration of glucose in the human cell is .0007 . 

(e) The distance to the sun ip 150,000,000 km . 
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' ^ * • . Appendix C 

METRIC ' SYSTEM 

C.l Metric Prefixes * . ^ ' ' / 

.The definition of measurement states that it is a process in whiph the 
object or event to be measured is compared to the standard unit for tVie object 
or event. The process of measurement of physical quantities begins with the 
establishment of *^three primary standards ; one for length , one for mass , and 
,one for time . Two different observers* will obtain the same result only if" ^ 
they -have agreed to use the standards. Since length, mass, bi)d time cannot 
be defined, the measurement process for such quantities must be established 
by agreement . Certain fundamental Units have been established by custom, ' 
by national legis].ation, and by international agl*eement.. 

The most widely used system throughout the world is the metric system. 
Except for the' English-speaking countries, this is the system which is in 
general use in all major countries. It is also the system used for scien- 
tific work in all countries. 

The metric system consists of a set of basic units originally established 
by the Frencb Academy of Science after the FrencJi Revolujbion.' This System 
is a decimal systeip and certain prefixes are used with the basic units to 
give new units, '^he prefixes are based on powers o-f ten as shown in the 



table 


below. 


















Prefix 


Symbol 




Value 








micro = 


= ( 


M ) = 


= one 


milliomth 


= j). 000001 = 


= 10-^ 






"milli 


= ( 


m ) = 


= one 


thousandth 


= 0.001 ' = 


= 10-3 






centi = 


= ( 


c )• = 


= one 


hundredth 


= 0.01 


= 'la-^ 






deci = 


= ( 


d ) = 


= one 


tenth 


= >1 








BASIC UNIT = 








one 


= 1 ■ " = 


= 10°' 






deka = 


= ( 


dk) = 




ten 




=. i6^ 






hecto = 


= - ( 


h ) ^ 


t one 


hundred 


= ' 100 J . = 


= 10^ 






kilo 


= ( 


k^) 


= one 


thousand 


= 1000 


= io3 






meg^ • = 


= ( 


M ) = 


= one 


million 


i 1,000,000 ■ 


= 10^ 





, !Ehe basic units used with these prefixes are 



♦ meter 
granv 

4 

secolid 



' length o 

- mass 

- time 



Some examples of the various combinations are shown below 
.1 kilometer^ (km) equals 100 meters. 

> 

1 milligram (mg)' equals S^®^* 
1 centimeter (cm) equals, meter. ^ ' 

1 hectogram (hg)' equals 100 grams..' 

■ . i ' 

Not all of the possible combinations are actually , used. * A scientist 

wotild have little use for a unit such as a hecto second. The table below lists 

some of the combinations which- are generally used. 



V Length 


Mass 


Tim^ 


micrc5n 

millimeter 

centimeter 

meter'^ 

kilometer 


microgram 
milligram 

^ranj ^ 
kilogram 


microsecond 
millisecond 

^ second 



Notice"" the first enfTry in this table. Instead of micrometer, 've write 
micron. The special name is used because this unit is in very commun use In 
certain fields and a shorter te^rm is vali^^le. The word micrometer is also 
used for another purpose. (Do you know what? 'If not, look it up.)^ 
The following examples will introduce you to the .process of conversion. 
. . These prefixes are also used with other units, such as kilovolts and 
microfarads in electricity. Have you ever hearcl'of a megaton? In the -English ' 
system of* units we have various units of yplume, cubic f eet/ quarts (both dry 
and liquid), etc. In the metric system the unit of" vo lime is the' liter. The 
liter is approximately equal to ilOOO cubic ^ent imet ers ^^ctuall;y:-J.,^t equals 
1000.028 cubic centimeters^. Tae prefixes^ are used with this tinit to rt>m new 
units such as milliliter 3 - deciliter, etc. 

C«§^ Conversion of IMts • , ^ * - _ / 

There ar& many times whian it is necessary or convenient t^^ang^u-^rt3^^ 
one basic Unit of measure to another of the same nature, sucji, as from centi- # 
^etvs to. "meters. Th^e process of changing from one unit to anothei^'without 
actually *goiTjg through the process of measuring with the new* unit is called 



erJc 
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"conversion of units". Since, *by definition 



^1 mm = 



1000'°^^ 



we can also say that 
In a similar way 



1000 mm = 1 m . 



1 meter = 10 dexiimeters = 100 centimeters = 'lOOO millimeters. 

■ • ' .•/.--■ 

Witji a little manipulation with numbers we can arrive at the following: 





Length 




Mass 


Volume - ' 




' 10 mm = 1 


cm 


10 mg = 1 eg 


, 10 ml = 1 cl 




^10 cm 1 


dm 


10 cfe = 1 dg 


- 10 cl = 1 dl 




10 dm = 1 


m 


10 dg = 1 g 


10 dl =' 1 liter 




1000- m = 1 


km 


1000 g ^1 kg 


etc. 




etc. 




etc. 





4^. 



Example 1: 



Suppose, for example, we have a measurfement of 1253 mm. Ito express 
this measdrement in* centimeters, we note that » 



or 



10 mm = 1 cm 
1 mm = 



(1) 
(2) 



The expression I253 mm can be thought of ,as I253 millimeter units, or 

. 12p (3, inm) . . (3.) 

The conversio^to centimeters cap be made by referxing-^tpr (2) and, re- 
^placing the (l mm) with its equivalent, <im). 

Bius 



1253 mm » l?53(i3 cm) =^125.3 cm . 



111. • 

119 ; 



r 



In a similar' way, we could find* the decimeter measure and the met^r 
ne^aure of this measurement. We begin with the fundamental relation be- 
tween the units' ^ ^ 

1 m = 10 dm = 100 cmt= 1000 mm 

and rearrange it so that 

' ■ 1 1 1 ' 

1 mm = cm = r-^rr dm => , m .-^ '* 

llien the measurement become^ 

: 1253 mm = 125.3 cm = 12. 53 dm = I.253 m . 

Notice that the four measures are related to each other. One measure 
can be obtained from the other by multiplying or dividing by some'multipl^ 
of ten. Ibe measures differ only in the position of the decimal point. 



Example 2 



Change 23.7 grams into decigi^ams, centigrams and milligrams. 

23.7 ©Ii.='23.7 (10 decigrams) = 237 decigrams' 
. . * 23.7 gm = 23.7 (ibo centigrams) = 2370 centigrams 
' 23.7 gm = 23.7 (LOOa milligrams) = 23700 milligrams 



Example 3: "^'^ 
% 

%Change 50 to liters. 



. 50 ml = 50 liter) = .O5O liter 



1. 
2. 

3. 
4. 

5- 
6. 

7- 



100 m 



3f.2 mg. 



281 liters = 
1285 cm = 



0.1$5 gm = 



dm = 



g = 



-ml 



m^ , 



Exercise 3^ 



Change 5OO milowatts to watts. 
Change ^00 decilitprs to liters . 



'V 
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8. 



9'. 



The frequency of radio statrion WICH is l^kp kilocycles. Express the 
frequency in cycles. \ * • ^ ^ 

Change 55 minutes t^ microseconds. 



C.3 English System of Units ' ^ ^ ^ , 

The fact that we use* inches, poundsy quarts, etc., in our everyday 
measurements and the metric system in scientific vork means that we will 
have to learn how to make conversions ^between these two .systems. 

• Although it is not well known, the United States .adopted (in 189^ the 
International Metei;^ and International Kilogram as fundamenta^l standards. 
Our customary units, the yard and the pound ^ are defined in terms of these^ 
standards. • ' ^ 



The table below lists some of the commonly used equivalents between" 
two sy£ 
of "places. 



the *two systems . These values have been rounded off to a convenient number 



y 



1 meter iff approximately t]?e same as a length of 39*37 inches. 
1, inch is exactly the same as a le;igth of ^,^k centimeters. 
1 pound is' approximately the bame as th^ weight of 'grams. 
1 liter is approximately the same as I.06 liquid quarts. 



Example 1: " 

Change 2d^=^meters to feet. 

- 20 meters = 20 (l meter) = 20 ^39. 37 inches) 
'=^78.7^ inches « . v 

and since ^ , / 

12= inches = 1 ft . or 1 inch =^ "Jg ^ 
,78.7^^ iriches =• 78. 7i ft) 
■ ' . = 6.56 ft . 

y ■ ■ _ _ 

Examrple 2: \ / 

" What mass in kilograms would weigh 3 pounds? 

3 pounds = 3 (^5^ grams) 
= 1362 grams 
.-which, of course^ is equal to 

1.362 kg . ^ 
113, 



Exercise, 2 



1* '3 ft = ^ 

^ 2. llif liters = 
3* 27 meters = ^ 

Vi. -^^28 ml « 

I5. '6.5 ft = 



cm . 



qts = 
yards 



gal . 



V cubic centimeters.' 

m . 



cm 



6. Whdt Biass in grams would weigh I.5 pounds? 



( 



7. ' Whal is the weight (in pounds) of a 7 kilogram mass?/>- 
S.^^^phange 1 quart to' liters. 



9. .Change 1 yard to meters. 



10. Vftiat is the weight (in pounds) of a 1 kilogrep mass? 



4t, 
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\ GLOSSARY 
\' , Part II V 

ANALYTICALLY — " A result is obtained analytically when it is 'obtained by 

computation (as opposed to^*experimentation). ^ 

' >' ' ' . ""^ 

ASSOCIATIVE PROPERTY' OF MULTIPLICATION — When three numbers are to be 

multiplied In a stated, order, the product is independent of the 
grouping. 'That is, • ^^^^^-^ ' ^ 7 

a X (b X c) = (a X b) X c 

EASE WheRra numeral- is 'given in exponential form, the number which is to 

k 

be multiplied by itself is called the base. That Is, 3 means 
3 X 3 X 3 X 3 and 3 is the base. * ' ' 

CLOSED PHRASE A closed phrase is a phrase whiclQ, represents a specific 
number. 

COINCIDENT Identical; -having all points in common. 

COORDINATE AXES Intersecting lines used to locate poin-j^s In the plane 
by means of coordinates measured along the lines. ^ 

COORDINATES ON A PLANE — The numbers associated, as a ff ordered pair, with 
a point of the plane are called the coordinates of the point. 

DEFLECTION --The amount of bend (as indicated by a pointer relative to 
a fixed scale). * ? ' \ 

DISPLACE — When a directed movement of 'a coordinate axis is made, we 
say that the axis 'is displaced. 

DISTRIBUTIVE PROPERTY — If, in a given matlieraatical syst^'m, it is always 
true^^hat a x (b + c),= (a x b) + (a x c), where a, b and c a;re any 
elements of the system, th^v- we say that the given system has the 
; distributive prop^y. This is the distributive property of multipli- 
cation over addition. ' * 

DOMAIN The domain is the set of first elements of the ordered pairs in . 
a relation or function. 

ELEMENT A member of a set. 

EQUATION — An open sentence involving equality.'' , ' 



EXPONENT The particular use of a numeral to indicate how many times a 
certain number should be used as a factor ► The expression 3 means 
3x3x3x3 and the h is the exponent. . . . ' / 

EXTRAPOLATION Tb calculate values outside an interval from values wilhi 
, the interval. * ^ ' * % 

FACTOR — One of the numerals in an indicated' product is a factor of the 
product. ' ^ . - , ' 

FORCE — Force is a physical- concept which ,can be described loosely as 
^ the push or pull on an object. 

TULCBUM The point of -support of a seesaw. 

FUNCTION -- A function is a set of ordered pairs such that each element 
of the domain appears intone and only one^ ordered ,pair. 

GRAPHICAL ANALYSIS --"To reach a conclusion by the ^use of graphs. * . > 

HYPOTHESIS"-- In mathematics, an assumed proposition used as a premise 

in proving something else. ^ ♦ . 

In science, a proposition held to be probably true because its 
consequences are found to be true. ^ ' ^ 

INEQUALITY -- Any statement which indicates that one number oV quantity 
is not equal to another' is called an inequality. 

INTEQERS- -- The set of counting numbers, zero, and the additive inverses 
of the counting numbers make up the set of" integers. 

INTERCEPT The point on a number line at vpich a second line meets it. 

INTERPOllATION --To find an intermediate value between two given values. 

LINEAR -- Pertaining to straight lines. . 

MASS -- Mass is a fundamental property of a body. It is not the same as 
the weight of the body. • Oft the earth* s surface, the weight of an 
• object is proportional to its mass. 

MATHEMATICAL MODEL"-- A mathematical relation which xeprea^ts the phys- 
ical model. In most situations it will be an equation. 

MAXIl^ VALUE The greatest value. . % 

I ^ . 

MEASUREMENT Any measurement is a process in which the object or event * 

being measured is compared to the standard units for that object or 

event. ^ 
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Multiplicative 'IKVIKSE -- For every number, except ''zero, there is another 

number (called its multiplicative inverse) such that the product of the 

1 

two numbers is one. ?or example, - is the multiplicative inverse of 

* 1 ^ 

3 since 3 x j.-='l . / - 

NHJATIVE -REAL NUMBERS The set of rea^ number? associated with points to 
the left of zero on the numjDer line (where the unit point is to the*^ 
J right of zeixx) 'is the set of negative real numbers. 

NON-INTEGRAL_-^ The property of not being ^in integer or not pertaining 
to an ^integer. " * . ^ 

DUMBER PHRASE A number phrase is a 'name for a number. 

An expression th§t represents a number.' 

NUMBER SENTENCE A statement 'about numbers and qu^tities. 

NUMERICAL PHRASE A numericaL phrase is any numeral given by ^an expression 
involving other numerals and signs of operation. v 

NUMERICAL 'SENTENCE A sentence which makes a statement about numbers. 

OPEN PHRASE r- An open phrase is a phrase whic1:i does not represent a 
specific number . ' * . 

OPEN SENTENCE — A mathematical sentence which contains one or more var- 
iables. 

ORDERiED»PAIR A set containing exactly two elements, (a,b), in which one 
element is recognized as the first element. 

PHYSICAL MDDEL ^- A. single curve on a graph of the set of points which 
* best represents a collection of data. It is an idealization of the \ 
behavior of a physical system. . ' 

POSITIVE REAL NUMBERS -- The set of r^al numbers greater than zero. Usu- 
ally represented by, the points to the right of zero on the number line. 

POWER -- a is called a power of "a". More precisely, a is the nth power 
^ of "a" . 

> • ^ • 

QUADRANT One of the four, regions into which the coordinate axes divide 
the coordinate plane. 

RAHGE The range is the set of second elements of the ordered pairs in 



a relation or function. 
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— REAir NUMBERS ^ IDhe set of all numbers associated with pointa on the number 

^ ^ - - - 

line. A number which can be represented by a finite or infinite dec- 
*^ " " ■ ~ * , >. 

-imal expanaioru ^ — * . ^ 

— "RECIPROCMT"-- TM^r^^M-l^iplicative^irmrexse^f a r^al number is called t)ie 
reciprocal of the number. 

*' ♦ ' -1 

♦ The reciprocal of a real *number*''a" (a ^ O) is the number — . 

- ^^-^rr Zsr^Tlias no reciprocal. 

REIATION — A relation is a set of ordered pairs. When the pair (x^y) is 
in the set and we use R to represent the relation, we say that x R y 
is true. / ^ 

RESISTANCE The opposition to motion of 6 body by its surroundings. 

SCALE --In graphical representations the scale refers to the ratio in 
which the mapping represents the< real situation. 

* SPIMTIFIC NOTATION The practice followed in mathematics and science 

of writing* numbers as a number between one and ten multiplied by the 
appropriate Po^^ • sample, ^ — 

' 216 = 2.16 X 10^ * ~77 ^ 

^ ' 0.00^4-3-= h.l X 10'"^ 

SLOPIE The slope measures the steepness of the inclination of a line. 
^ It is the ratio of the rise to the nm. 

. SOLUTION SET The set of elements in the domain of" an open sentence 

which make the sentence true is tailed the solution set of the open 
• sentence. Also called tlie truth set of the^open sentence. 

SUBSCRIPT A small letter or numeral written at thQ lower right of a 
symbol to distinguish it from other symbols of the same kind. 

TERMINAL VELOCITY When the upward resistive force equals the downward 
/ gravitational pull on the object^ terminal velocity has. been reached. 

^ TRANSLATION OF AXE^ Changing the Coordinates of a set of points to coor- 
dinates referring to a new set of axes parallel to the original axes. 

TRUTH SET The solution set of an open sentence is also called the truth 
' set of that sentence . 
^ ^ ^ See solution set . 

VARIABLE A symbol which can be replaced by any member of a given set. ^ 



VELOCITY (constant) — The slope bf the line op a time-distance plot. It 

is given by ^1^^ , ^ ^ ^ . ' 

^ time 

VERB PHRASE — The phrase that states the relationship involved between " 
vord phrases. 

WORD PHRASE — A mathematical phrase in vord form. 
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